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Abstract—The concept of an operation-x on a
family of J-open sets in topological spaces is
introduced. Using the operation «, the concepts of
Kk-interior, k-closure, k-boundary and x-exterior

are studied.

I. INTRODUCTION

In 1937, Stone[5] initiated the concept of
Regular closed sets. Following his work,
Velicko[6] introduced the family of &-open sets in
1968, which are stronger than the family of open
sets. A subset of a topological space is called &-
open if it is the union of regular open sets. Further,
Velicko investigated the characterization of H-
Closed spaces in terms of arbitrary filter bases and
showed that, the collection 75 of all 3-open sets, is
a coarser topology on X.

In 1979, Kasahara[2] defined the concept of an
operation o on a topological space and discussed
the concept of an a-closed graph of a function.
Following this, Jankovic[1] developed the concept
of a-closed sets and further investigated functions
with o-closed graphs in 1983. Later in 1991,
Ogata[3] defined

related topological properties of the associated

y-open sets and studied the

topology t, and . Being motivated by the above
works, we introduce operation approaches on 6
open sets and notions of «-interior, k-closure, K-
boundary and «-exterior in topological spaces

Further, we study the properties of these notions.
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I1. Preliminaries

Definition 2.1 [5]

Let (X, 1) be a topological space. A subset A of
is called regular open if A = int(cl(A)).

Definition 2.2 [6]

A subset A of a topological space (X, 1) is called

o-open if it is the union of regular open sets.

I11. x-Operation
Definition 3.1

Let (x,r) be a topological space. An operation
k17, —> P(X) is a mapping from the family of
&-open sets (r,) to the power set of X such that
v cv-for every v er, . Here v*denotes the

value of V under « .

Example 3.2

Let x ={a,b,c}andr ={X,¢.{a}, {b}. {a,b}, {a,.c}}
andr; ={X,¢,{b} {a,c}} .Thenx :r ;> P(X)

defined by a* = A" 2 A

isa «~ -operation
(el (A)if ae A

on(x,z) as Ac A", foreveryAez, .
Definition 3.3

Let Ac (x.,r). A point xe A is called a « -
interior point of A iff there exist as -open
neighbourhood N of x such that N* < A and we

denote the set of all such points by it _(A).
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Therefore

Int [(A)={xe AlxeNerz; and N

Example 3.4

Let (x,r) and « be defined as in Example 3.2.

Take A={a,c}, then it _(A) = A.

Definition 3.5

Let (X,7) be a topological  space
and« :r 5~ P(X) be a « -operation. A subset A of

X is called « -open if every point of Ais a « -
interior point.

Example 3.6

Let x,z, ~ and A be defined as in Example3.4.

Thenaisa « -open set.

Remark 3.7
Ais x -openiff A=int,(A)

Proof

Necessity: Let A be « -open. In general,
it _(A)c A. So, it suffices to prove
Ac Int_(A). Let xe A. Since A is « -open,
there exists a s -open neighbourhood U containing
X such that u® < A. Then by Definition 3.3,
x e Int, (A). Therefore

A c Int,(A). Hence

A=Int, (A).

Sufficiency: Let x e A =Int, (A). Therefore there
exists a s -open neighbourhood u containing x

such that u * < A . Since x is arbitrary, this is true

forall x e A . Hence Ais « -open.

Definition 3.8

A subset A of a topological space (x,z) is called

« -Closed if X - A is « -open.

Example 3.9

Let X,z,« and A be defined as in Example 3.4.

Then x — A ={b} is « -closed.

Definition 3.10

A point xe x is called a « -closure point of

Acxif U nAa=zg, for every s -open

neighbourhood u of x. The set of all « -closure
points is called « -closure of A and is denoted by

a _(A).

Example 3.11

Let x,z,« and A be defined as in Example 3.2.

Let A={b,c} then cl, (A)={a,b,c}=X .

Proposition 3.12
If Ac B then
(M Int, (A) c Int, (B)
(i) c (A)cc,(B)
Proof

Let AcBc X .

(i) Let xe< Int_(A)then there exists a s -

open neighbourhood u of x such that u® ¢ A.

Since AcB, there exists a s -open

neighbourhood u of x such that u”* < 8. This

implies x < Int, (B) . Hence nt, (A) < Int, (B).

(i) Let x e a1 _(A) then there exists a s -open

neighbourhood u of x such that U " A =g .
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Since Ac B, there exists a s -open

neighbourhood u of x such thatu* "B =g .

Therefore x < ¢, (B). Hence a, (A)c c . (B).

Definition 3.13

A« -operation «:7r; — P(X)is called « -
regular if for any s -open neighbourhoods u and

V of x e x , there exists a s -open neighbourhood

K

w ofxsuchthat u* Av* ow
Definition 3.14

A « -operation «:z, — P(X) is called « -open if
for every open neighbourhood u of x e X, there

exists a s -open set B such that xe B and

K

U o B.
Definition 3.15

A topological space (x,z) is called « -regular if

for each open neighbourhood U of xe X , there
exists a s -open neighbourhood V of x such that

K

V"' cU.
Theorem 3.16

For subsets A,B of a topological space (x,z), the

following properties are true.

(i) Int, (Int, (A)) < Int _(A)
(i) Int _(AuB)2Int, (A)u Int, (B)
(iii) Int _(An B)=Int,(A)n Int, (B) ifx IS
« -regular.
Proof

(i We know that int _ (A) = A .That

implies int _(Int _(A)) < Int_(A) .

(i)  We Know, Ac AuB. This implies
Int _(A)c Int,_ (AU B).
Also,
Bc AUB = Int_(B)c Int,_(AuB).Th
erefore

Int .(A)uint (B)c Int (AU B).
(iii) Int _(An B)c Int _(A)n Int, (B) IS

obvious. Let xemt_(A)~iInt_(B). This
impliesx e it _(A) and x e Int, (B) Therefore there
exist s -open neighbourhood U, V of x such

thatu * < A and v* cB. This implies

K

U“nv®cAanB. Since «is « -regular there

exists a s -open neighbourhood w of x such that

K K

U®n~v®ow?®. This implies w* < A~ B. This

proves xelnt (AN B), Therefore

Int . (AnB)=1Int,_ (A)nInt _(B).

Theorem 3.17

For a subset A of a topological space (x,r), then

the following properties are true.

0 Int (X —A)=X —cl_(A)
(i) a, (X —A)=X —Int, (A)
(iii) Int_(A)=X —Cl (X - A)
Proof
(i) Let xent, (x - A) .There exists a & -

open neighbourhood U of x such that

K

U cx-A. This implies

K

U“nA=¢ = xed  (A)

= xe X —Cl, (A) and conversely.

(i) Suppose if xecl_(x - A)Then there

exists a s -open neighbourhood U of x
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suchthat U“ n (X - A) = ¢ . This implies

K

U”® c A and thus xe Int _(A) . Therefore

x e X —Int _(A) and conversely.

(iii) Suppose if xe X —c (X —A) then
xeC, (X —A). That implies there exists
a s -open neighbourhood U of x such
thatu * n (X = A)=¢ . This implies

K

U"nA=¢ = U" c A.Hence

x e Int _(A) and conversely.

V. x -EXTERIOR AND « -BOUNDARY
Definition 4.1

x -exterior of A, written as Ext _(A) is defined as

Ext . (A) = Int, (X — A).
Definition 4.2

x -boundary of A, written as Bd , (A) is defined as

the set of points which neither belong to « -interior

of A nor « -exterior of A.
Theorem 4.3

In any topological space (x,z), the following

conditions are equivalent:

(M X —Bd, (A)=Int, _(A)uU Int (X — A)
(if) Cl_(A)=1Int_(A)uU Bd _(A)
(iif) Bd, (A)=Cl,(A)NCl (X - A)

= Cl (A)-Int, (A)

Proof

(iiif)= (i) Int . (A)u Int (X - A) =

[int, (A% ulint, (X - A

=[mt, (A)]° ALt (X - A)N°T°
=(C (X —A)nCl, (A)°

=[Bd, (A)]° =X -Bd, (A).

(i) (ii)Wehave

X —Int (X —A)=1Int _(A)u Bd, (A).
By Theorem 3.17 (i), we obtain (ii).

(if)= (iii)By(ii), Bd . (A) = Cl , (A) = Int _(A) .
=C (A (X —Int,(A) =Cl _(A)ACl (X —A),

by Theorem 3.17 (ii).

Remark 4.4

From Theorem 4.3, we get Bd _(A) = Bd _(X — A).
Proof

Bd  (A)= X —(Int, (X - A)u Int, (A))

Lemma 4.5

For a subset A of X , we have the following.

) Alis x -openiff AnBd, (A)=¢.

(i) Ais x -closed iff Bd _(A)c A .

Proof

) Let Abe « -open. Then (X -A)is

x -Closed. Therefore 1, (x - A)= X - A. Next,

AnBd _(A)=AnI[C,(A)ACl (X - A)]

=AnC (A~ (X -A)=¢. Conversely, let
AN Bd (A) =g then

AnCl, (A)ACl (X —A)=gOr
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a (X -A)c X —A which implies x -A s

x -closed and hence Ais x -open.

(i) Let A be « -closed. Then c _(A)=A.

Now

Bd _(A)=Cl,(A)nCl (X -A)cC (A)=A.

That s Bd ,(A)c A. Conversely, let

Bd  (A)c A. Then Bd (AN (X —A)=¢.
Since

Bd , (A)=Bd, (X - A), we have

Bd (X —A)n (X -A)=¢. By (i) X -Alis « -

open and hence A is « -closed.
Theorem 4.6

For any two subsets A,B of (x ,r), if « is regular,

then
0} ext . (AUB)=ext (A)next (B)

(i) bd . (AuB)=1[bd .(A)~cl, (X —B) U

[bd _(B)~cl (X — A)]

iy Pdx(ANB)=Ibd (Al (B)]v

[bd . (B) el (A)]
Proof

0} ext . (AU B)=Int (X - (AU B))
=1Int, ((X - A)n (X - B))
=Int, (X - Ay~ Int (X -B), by (3.3),

since « is regular.
=ext  (A)next (B)

(ii) Consider

bd, (AUB)=c, (AUB)ncl (X -(AUB)

= (Aud, B)nd, (X -Ancd,(X-B))
=(c (Aud, (B)n[d, (X -A)ncl, (X -B)

= (e (Al (X —A) A, (X -B)ucl (B) n[cl (X - A)yncl (X - B)]

=[bd, (A)ncl (X —B)ulbd _(B)ncl (X - A)]

(iii)
bd (AnB)=cl,(AnB)nd,_ (X - (AN B))
=(cd (A)nc (B)nc (X -A)uc, (X -B))
=(cl (A)yncl, (B) nlcl (X —A)yucd, (X -B)
= ([cl (A) el (B)] nel (X — A) U ([cl, (A)nel (B ncl (X -B)]
=[bd _(A)ncl, (B)Yulc, (A)nbd,  (B)].
We also note the following:
(i ext . (X —ext . (A)) =ext, (A).
(i) ext  (AnB)oext,  (A)uext, (B).
Lemma 4.7
(i o, (A-B)ocl, (A)—cl (B).

(i) Int, (A-B)c Int,_(A)— Int,(B).

(iii) If A isx -open, then

Anc (B)ycc, (AnB).
Proof

0] Letxec, (A)-c,(B).Thenxec, (A)a
nd xecl, (B).Therefore there exists an
open neighbourhood U of x such

thatU* nA=¢p U "B =g . This

gives U“ n(A-B)=40r xecl, (A-B).

This proves (i).
(ii) follows easily from (i).
(iii) Since A is x -open, A = Int, (A).

NOWA ~cl _(B)=cl, (B)n Int, (A)

=cl, (B)- (X —Int, (A))
=c, (B)-Cl (X - A)

<o, (B~ (X~ A)
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=c, (BnA)=c _(AnB)Or

Anc (B)ycd (AnB) . This completes the

proof.
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