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I.LINTRODUCTION

Hemirings appear in a natural manner in
some applications to the automata, the theory of
formal languages, graph theory, design theory and
combinatorial geometry .Hemirings which are
regarded as a generalization of rings have been found
useful in solving problems in different areas of
applied Mathematics and Computer sciences. So
many researchers have studied different aspects of
hemirings. Zhan et al gave the concept of h-
hemiregularity of hemirings and investigated some
properties in terms of fuzzy theory. The concept of
fuzzy subset was introduced by L.A Zadeh [16],
Fuzzy set theory has been developed in many
directions by many scholars and has evoked great
interest among Mathematicians working in different
field of Mathematics. A Semiring R is said to be a
hemiring if it is additively commutative with zero.
The notion of anti-fuzzy left h-ideals in
Hemiringswas introduced by Akram. M and K.H.Dar
[1]. The notion of homomorphism and anti-
homomorphism of fuzzy and anti-fuzzy ideal of a ring
was introduced by M.Palaniappan and K.Arjunan
[10]. In this paper we introduce the some theorems in
anti- L-fuzzy soft subhemirings of a hemiring.

Il. PERLIMINARIES

In this section we have some basic
definitions which we need for our further studies.

1.1 DEFINITION
pair (F,E) is called a soft set (over U) iff Fis
a mapping E into the set of all subsets of the set U.
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1.2 DEFINITION

Let (U,E) be a soft universeand A C E. Let
f(U)be the set of all fuzzy subsets in U. A pair (F,A)
is a called a fuzzy soft set over U,where F is a
mapping given byF:A— f(U).

1.3 DEFINITION

Let X be a non-empty set and L=(L,< ) be a
lattice with least element 0 and greatest element 1.

1.4 DEFINITION

Let X be a non-empty set A L-fuzzy subset A
of X'is function A: X = L.

1.5 DEFINITION

Let (R,+,) be a hemiring. A L-fuzzy subset
(F,A) of R is said to be an anti-L-fuzzy soft
subhemiring (ALFSSHR) of R if it satisfies the
following conditions.

(V) b xEay + YEH) <
{H(F,A) (xra) Vi (F,A))}
@ weEnxEnyes) <
{0 e Vi n OEa)}

1.6 DEFINITION

Let (R,+,7) be a hemiring. An anti- L-fuzzy
soft subhemiring (F,A) of R is said to be an anti-L-
fuzzy soft normal subhemiring (ALFSNSHR) of R. If

XEnYFE) = M VEaXeEa) for all X(F,A) and
y(F,A) In R

1.7 DEFINITION

Let (F,A) and (G,B) be L-fuzzy soft subsets of
sets G and H, respectively. The anti-product of (F,A)
and (G,B) denoted by (F,A)x(G,B) is defined
as(F,A)x(G,B)=
{(X(F,A)y(G,B))'ﬂ(F,A)x(G,B)(x(F,A);y(G,B)) /  for all
x(F,A) in G and y(G,A) in H}
Where)u(F,A)x(G,B)(x(F,A)'y(G,B)) = max
{.U(F,A) (x(r,ay),16.8) (3’((;,3)}

1.8 DEFINITION
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Let (R,+,) and (R, +,") be any two hemirings.
Let f:R— R’ be any function and (F,A) be an anti-L-
fuzzy soft subhemiring in R . (G,V)be an anti-L-fuzzy
soft subhemiring in f(R) = R’ defined by
“enyYeyy) = xe;ﬁq(y) Uy (XEay) forall x4
and y(yy in R'. Then (F,A) is called pre image of
(G,V) under f and is denoted by f~1(V).

1.9 DEFINITION

Let (F,A) be an anti L-fuzzy soft subhemiring of
a hemiring (R,+,") and a in R. Then the pseudo anti-L-
fuzzy soft coset (a(F, A)" is defined by
(a#(F,A)P)(X(F,A)) = P(a)u(r,a) (X a)) for every
X(r,ay i R and for some p in P.

1.10 DEFINITION

Let (R,+,") and (R',+,") be any two hemirings
then the function f:R— R’ is called a hemiring anti-
homomorphism. If it satisfies the following axioms.

() fx+y)=f)+fx)
(i) fxy) =f)f(x) forall x
andyinR.

1.11 DEFINITION

Let (R,+,") and (R',+,") be any two hemirings.
Then the function f: R— R’ be a hemiring
homomorphism. If it is one-to-one and on to, then f
is called a hemiring isomorphism.

1.12 DEFINITION

Let (R+) and (R,+,) be any two hemirings.
Then the function f:R— R' be a hemiring anti-
homomorphism. If it is one-to-one and onto, then f
is called a hemiring anti-isomorphism.

I11. PROPERTIES OF ANTI- L-FUZZY SOFT
SUBHEMIRINGS OF A HEMIRING R

In this section, we investigate some
properties of Anti-L-fuzzy soft subhemiring of a
hemiring.

2.1 THEOREM: Union of any two anti-L-fuzzy soft
subhemiring of a hemiring R is an anti-L-Fuzzy soft
subhemiring of a hemiring R.

PROOF: Let (F,A) and (F,B) be any two anti-L-
fuzzy subhemirings of a hemiring R andx 4, and
Y6 in RLet(F, A) = {xer 4y e ny (X 0)) /X ) €
Rland (G,B) = {(X(G,B))rM(G,B)(x(G,B))/x(G,B) € R}
and also Let (H,C)=(F,B)u (G,B) =
{(X(H,C)'M(H,C) o))/ X,y € R}- Where
{0 (En)Vies Eemn)} = Bao Fae) it is
clear that [(F,A4)U (G,B)](x) = (F,A)(x) when
(x(F,A)) # 0 and H@,B) (x(G,B)) = 0.Also [(F, B) V)
(G,B)](x) = (G,B)(x)  when  uep(X@cp) #

0 and p(r 4)(xr.4y) = 0. It is enough to prove that
[(F,A) v (G, B)](x) =
{1 (e )Vie s (o )

NOW f(y ¢y (X(H,c) + y(H,C)) = {uEa c@Ea) +

YoV {tes Xep + Yol <

) ) Ve o OE o)V ke (X8 Ve Ves)} =
ﬂ(F,A)(x(F,A))V.u(G,B)' (x(G,B))}V{#(F,A) (J/(F,A))V#(G,B) (y(G,B))} =
(i) (o) Vo) W)} and pa oy Cen oy Yaney) <
{{#(F,A) (x(F,A))V#(F,A) (y(F,A))}V{ HG,B) (x(G,B))V.u(G,B) (y(G,B)}

e, Ccr.a) Ve, sy (X 6,8 V{E ) O En)Vies) V)3
={ua,o)cano))Vikw,o (}’(H,c))}- Therefore )

Xmo) + Yro) < { Mo Xeo)Viwe Vi) o for

all X(F.A) and YG.B) in R. And, WH,c) (X(ch)y(ch)) = {

By e YEa) ) Viep(XesYees) ;= {

Mg ) XEADVY Beg ) (YEADIY
{tee(Xee)Viee)Yent =g (XFa) Viee

(Xee) FVvA{ M a) Yem)ViesYes)tt =

{ vHoXrHo)VumnoYre) ¥ Therefore,  pgg
XmHoYrHo) < 1 Beo KXuo)Viee YVeo) 3 for all
Xea and yee in R. Therefore (x oy c)) <
(e oy (o) )VieYae)r for all xgq) and
Y,p) iNR..

2.2 THEOREM: The union of a family of anti-L-
fuzzy soft subhemirings of hemiring R is an anti-L-
fuzzy soft subhemiring of R.

PROOF: Let {(F,V;):i € I} be a family of anti-L-
fuzzy soft subhemirings of a hemiring R and let (F,A)
=U;e Vi. Let X(F,A) and Y(F,4) in R.
Then wep ay(Xp.a) + YEa) = o BEw) K +
YEa) <

rer (e Cam)Viyp (ea)}=

{silg; teeyp X ra)V Sf;’} By Ccra)}

={uEa) e )ViE o (XEa)- SO U ) (XEa) +
YEa) < ) X)) Ve OEa)} for all xg
and y(F,A) inR.

And e (XY 0n) = ) By Ram) <
e ey (e )V V) =
CP vy EEn) Vo weyy Ea =
{1cr.a) ) )V i,y Y ay) - Therefore
H(F.a) (x(F,A)}’(F,A)) =< {#(F,A) (x(F,A))VH(F,A) (}’(F,A))}
for all x4y and y 4y in R. Hence the union of a

family of anti-L-fuzzy soft subhemirings of R is an
anti-L-fuzzy soft subhemirings of R.

2.3 THEOREM: If (F,A) and (G,B) are any two
anti-L-fuzzy soft subhemirings of the
hemirings Ryand R, respectively then anti-product
(F,A) x (G,B) is an anti-L-fuzzy soft subhemirings
of Ry X R,.
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PROOF: Let (F,A) and (G,B) be two anti-L-fuzzy
soft subhemirings of the hemiring R;and R,
respectively. Let x 4y, and x(z 4y,be in Ry,
y(G,B)land Y@6,B); be in RZ' Then (x(F,A)lﬂy(G,B)l)
and (X(r 4y, Y(c,5),) are in Ry X R,. Now
e (Xran Yen) + Ceag Yen,)]
< {ueem (e, ) Vi (e, )V
{#(G,B)Y(G,B)lVH(G,B)}’(G,B)Z} =
[#(F,A)x(G,B)(x(F,A)l»J’(G,B)lVH(F,A)x(G,B)(x(F,A)ZrJ’(G,B)z)]

Therefore

16 (X VG, + Cary Yem,)] <

(1% 6.8 (x(F,A)li Y6,8) ) VEE %68 X(F ), Y(G,B)z)]
also

1 x| (X, Yem) Km0 Y687,

2.7 THEOREM : Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring (R,+,-), then the pseudo
anti-L-fuzzy soft coset (a(F,A))" is an anti-L-fuzzy
soft subhemiring of a hemiring R. For every ain R.

PROOF:Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R. For every x4y andyg 4y in
R. We have  ((appa)?)X@Ea) + V) <
P(a) {H(F,A) (x(F,A))V.u(F,A) (y(F,A))}

=P (a)M(F,A)(x(F,A))VP (a)M(F,A)(y(F,A)):
(aura)") e a)V (@t ) GEa)-
((a#(F,A))P)(x(F,A) + y(F,A)) <
((aH(F,A))P)(x(F,A))V((aM(F,A))P)(J’(F,A))- Now
((apEn)") CEaYEa) <
P(a){uera)(xE0)ViEa VEa)} =

Therfore

< {ueem Cem ) Vie (.0, IV e 5V 6,80, Vi 5V 6.8, Y e mx B @) U (r, ) (X F,0)) VP (@) ir,a) V(7 ,0)) =

(.30 V6,89 ) VG163 a0, Y630 ]

Therefore we ayx e,z [(X(r.a), Y6 ), (.1, Yo p,)] <
#(F,A)x(G,B)(x(F,A)l: y(G,B)l)V H(F,A)x(G,B) (X(F,A)z» Y(G,B)Z)H
ence (F,A) x (G, B) is an anti-L-fuzzy soft
subhemirings of R; X R,.

2.4 THEOREM :Let (F,A) is an anti-L-fuzzy soft
subhemirings of a hemiring (R,+,)) if and only if
H(r.a) (x(F,A) + y(F,A)) < {M(F,A)(x(F,A)VIl(F,A)}’(F,A))}

) #(F,A)(x(F,A)y(F,A)) < {#(F,A)(x(F,A))V#(F,A) (y(F,A))}
fOI’ a.“ x(F,A) a.nd y(F,A) |n R

PROOF: ltis trivial.

2.5 THEOREM: If (F,A) is an anti-L-fuzzy soft
subhemirings of a hemiring (R,+,-) then H =
X ay/%(F 0y ERUE 4y (X(F a))=0} s either empty
(or) is a subhemiring of R.

PROOF : If no element satisfies this condition, then

H is empty. If xg, and ygE, in H
then uee ay (X Y ra)) <
{H(F,A)(x(F,A))V#(F,A)()’(F,A))} = {0VO0} = 0.
Therefore,  pea(X@Eay@Eay) =0  we  get
X4y (Xr.)Yra)) = 0 We get

(x(F,A)+y(F,A))l(x(F,A)y(F,A)) in H. Therefore, H is a
subhemiring of R. Hence H is either empty or is a
subhemiring of R.

2.6 THEOREM :Let (F,A) be an anti-L-fuzzy soft
subhemirings of a hemiring (R,+,-). If
Weray (X ay TV Fa))=1, then either pig ) (x(ra) =1
(Or) M(F,A)(.V(F,A)) = 1forall X(F,A) and Y(F,4) inR.

PROOF: Let x4y and y(r 4y in R. By the definition

1267), (x(F,A) +YrFa < {:u(F,A) (x(F,A))VH(F,A) (y(F,A))}’
which implies that
1 < {ue a) (cra) Vi a) Ver,a))} - Therefore, either
teeay xEay) =100 pe (V) = 1.

(a#(F,A))P)(X(F,A))V((a#(F,A))P)(}’(F,A))-Therefore
(a.u(F,A))P)(x(F,A))V((aﬂ(F,A))P)(Y(F,A))- Hence
(apcr.4))P) is an anti-L- fuzzy soft subhemiring R.

2.8 THEOREM: Let (R,+,-)and (R',+,") be any two
hemirings. The homomorphic image of an anti-L-
fuzzy soft subhemiring of a hemiring of R is an anti-
L-fuzzy soft subhemiringof R PROOF :Let f:R —
R’ be a homomorphism. Then f(x+7vy) = f(x)+
f) and f(xy) = f(x)f(y) forall xand y in R. Let
(G, V) =f(F,A),Where (F,A) is an anti-L-fuzzy
soft subhemiring of R. Now for f(x) vy f () @Gv)in
R . e (F®en + FMen) < teaCea +
YEa)) < Hera) X a) Vi a) Ve a))- Which implies
that

%) (f(x)(F.A) + f(y)(F,A)) <

Ky (f ) F.nyViten f (y)(F,A))- again
ey (FOer + FD @) < teryXEay ) <
b vy XEa)VikeryYer,a) Which implies  that
HiG v (f(x)(F.A) + f(}’)(F,A)) <

ey (FO) EayVieyf ) .a)- hence (GV) is an
anti-L-fuzzy soft subhemirings of R’

2.9 THEOREM : Let (R,+,) and (R'+,) be any
two hemirings. The homomorphic preimage of an
anti-L-fuzzy soft subhemiring of R’ is an anti-L-fuzzy
soft subhemiring of R.

PROOF :Let (G,V) = f((F,A)),where (G,V) is an
anti-L-fuzzy soft subhemiring of R'. Let X(r,a) and
YEay 0 R Then  up gy (e atyea) =
My (f(x)(F.A) + M) <

Uy (f (x)(F.A)VH(G,V)f (y)(F,A)) =
Uer,a) Xr )V iE ) YV iEa)) which
Uera) (X)) T OEay) <

er,a) Cccra) VI, 2) Y r,0))2080IN
teE,a) X m ) YE ) = B (f e aYEa) <
#(G,V)(f(x(F,A)))VH(G,V) f (y(F,A)) =
U4 (Xr,a))Vler,a) YV (F,a))Which

implies that

implies  that
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BeE) X EnYE) < Uea)XEa)VrEH Y Ea)-
Hence (F,A) is an anti-L-fuzzy soft subhemiring of R.

2.10 THEOREM :Let (R,+,) and (R'+,-) be any
two hemirings. The anti-homomorphic image of an
anti-L-fuzzy soft subhemiring of R is an anti-L-fuzzy
soft subhemiring of R,

PROOF :Let f:R —» R' be an anti-homomorphism.
Then flx+y)=f+f(x) and flxy) =
fO)f(x) for all x and y in R. Let (G,V)=f((F.A))
where (G,V) is an anti-L-fuzzy soft subhemiring of R
. Now, for f) @y f)@ryare in
R uery(f®@r + FfMen) =

ey (FOery + F()@y)) asfisananti—
homomorphism. < pp 2 Yra) T X(Fa)) <
H(F.a) 6] (F,A)VH(F,A) (x)(F,A)} =
{uE.a) Ve ()3which — implies  that  pev(
f(xev) + fYev) ) = { mew( f(Xew) Virew(
flyew)) }-

Again, Hev( fXew)fYev) )=  mew(
f(YevX@Gv) ), as fis an anti-homomorphism <pg a) (
YEAXEA) ) < 1 BEa) VEa)VEEA XEa) 3= { UEa)
XEaVHES (YEa) Ywhich implies that  pev)(
;(X(G,V))f(y(G,V)) )< { new( fXev) Vuewvwf(yew))

Hence (G,V) is an anti-L-fuzzy soft subhemiring of
R'.

We denote the composition of operations by ° for
the following:

2.11 THEOREM :Let (F, A) be an anti-L-fuzzy soft
subhemiring of a hemiring H and f is an isomorphism
from a hemiring R onto H. Then (F,A)-f is an anti-L-
fuzzy soft subhemiring of R.

PROOF: Let Xga) and yga) in R and (F, A) be an
anti-L-fuzzy soft subhemiring of a hemiring H. we
have, (LEa°l )XeatYEa) = Lea( T XEatYEL) )=
LA FXEa) + f(YEa) ), as fisan isomorphism < {
BEa) FEA) IVREA(TYEA) ) 1S 1 (HEATDXEA))V
(nEa°f )YeEa) hwhich implies that (1 ay°f
YXEATYEA) < 1 (MEaeT )Xea)V (BEaT )YEa)
YA (nea ) (XEaYeEa) = peal fXEaYEa) )=
e TXEA)T(YEA) ) . as fis an isomorphism < {
e fFXEa) Vaea( fVEa) ) 1S 1 (Eacf
YXEa)V  (MEaf )YEa) Ywhich implies  that
(EAT )XEAYEA) = { (MEaT )XEa)V (MEa)cf
YYEa) }.Therefore (F,A)f is an anti-L-fuzzy soft
subhemiring of a hemiring R.

2.12 THEOREM: Let (F, A) be an anti-L-fuzzy soft
subhemiring of a hemiring H and f is an anti-
isomorphism from a hemiring R onto H. Then (F,A)°f
is an anti-L-fuzzy soft subhemiring of R.

PROOF: Let X and YEa in R and (F,A) be an
anti-L-fuzzy soft subhemiring of a hemiring H. We
have, (et )( XEatYEa) = REa( FXEATYEAS) )
= pEal fYea)HfXes) ), as f is an anti-
isomorphism= { pea)( f(XEa) VrEea( f(YEa) ) .2
{ (kEaf )XEa)V (bEa°f )(YEa) dwhich implies
that (nrarf ) XeatYea ) < { (MEaef )XeaV
(ent )VEA) FuEact )0 XeaYEa) = HeEa
fXEaYER) )= LEa( FYEA)TXEA) ), as fis an anti-
isomorphism < { pea( f(xe) )ViEa( f(Yen) ) 3
< { (LEaT)XEa)V (bEAT )YEA) T which implies
that (uEa°f JXeaYea) < { (HEacf ) Xea) Vv
(mEaef ) (Yea) ¥ Therefore (F,A)f is an anti-L-
fuzzy soft subhemiring of a hemiring R.

2.13 THEOREM: Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring ( R, +, . ), then the pseudo
anti-L-fuzzy soft coset (a(F,A))" is an anti-L-fuzzy
soft subhemiring of a hemiring R, for every a in R.

PROOF: Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R. For every Xa) and
YEa in R, we have, ( (@uea)’ ) XeatYea) =
P@KEA ( XFatYEa) < @) { KEa) XEa)VHEA)
Vem) = {p@ura Xea)V p@uEa YEa) =
max { ( (apEa)” YXean)V ( @rEa)’ DVEa)
}.Therefore, ((apea)’ ) XEart Yea) <{ ((auEa)®
YXEAV ( (@pEa)” )YeEa) FNow,  ((apea)® )
XEAYEA) = P@UEA ( XEaYFEa) < p@) { HEa)
XEaVHEA YVEA) 1= { P@uEa) XEa)VP(@)KEa)
VeEa) 3= { (@uEa)” )xea)V ( (anea)” )YEa)
}.Therefore, ((auea)’ ) XeaYeEa) < { ( (uEa)’
YXEa)V (@uEa)”)YeEa) T

2.14 THEOREM: Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R. (F,A")be a L-fuzzy soft
set in R defined by [(FA)XEa] = (FA)XEa) +1 —
(F,A)(0), for all XA and yra in R . Then (F,A") is
an anti-L-fuzzy soft subhemiring of a hemiring R.

PROOF:Let Xra)Yra € R. We have(FAY)
XEatYEa) = (FA) Xeatyea) +(F.A)O)
<{ (FA) Xea)V (FA) (Yea) }*1- (FA)
0)= { {(F.A) X¢n) +1- (F.A) O}V{ (F.A)
Ven) +1- (FA) (03= { FAY) Xea)V
(F,A) (Yea)  }-Therefore  (FA")
XEATYEA) <

{ FA)  (Xea)V (FA) (Yea) }. Similarly,
(FAYXEaYEA) = (FA) (XeaYeEa) +1- (FA) (0) <
{ FA) Xea)v (FA) Yea) H1- (FA) (0)= {
{FA) Xea) +1- (FA) O3] FA) (YFa) +1-
FA) 0= { FA) Xea)V FA) Yea) }
Therefore (F,A") (XEa)YFa) <

{(FAY) Xea)V (FA) (YEa) -

2.15 THEOREM :Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R ,
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(F,A") be a L-fuzzy soft set in R defined by (F,A")
(XEm) = (FA) (XEa) +1-(F,A)0)

for all X and yEa) in R. Then there exists 0eR
such that (F,A) (0) = 1 if and only

if (F,A+) (X(F,A)) = (F,A) X(F,A)
PROOF: It is trivial.

2.16 THEOREM :Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R ,

(F,A") be a L-fuzzy soft set in R defined by (F,A")
XEm) = (FA) (XEa) +1-(F,A)0)

for all x and y in R. Then there exists x €R such
that (F,A") (X)) = 1 if and only

if XFA) = 0.
PROOF :ltis trivial.

2.17 THEOREM :Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R. ,

(F,AY) be a L- fuzzy soft set in R defined by (F,A")
(X(F,A)) = A(X(F,A)) +1— A(O) , for

all XA and ye a) in R. Then ((F,A%) = (FAY) .

PROOF: Let XgaYrac R. We have, ((FA")
)" (XEa) = (FAY) (Xea) +1 - (FA") (0)

= {(F,A)XEa) +1 - (F,A)0) 11 - {(F,A)0) +1 -
(F.A)0) }= {FA(XFa) +1 — (FA)0) = (FAY)
(X)) Hence ((F,AY))" =(FA) .

2.18 THEOREM: Let (F,A) be an anti-L-fuzzy soft
subhemiring of a hemiring R. Then (F,A”) is an anti-
L-fuzzy soft subhemiring of a hemiring R , for all
XEn and yea inR.

PROOF :For any Xgame R, we have (FA°)
XEatYeEn) = (FA) XeatYea) [ (FA) (0)

< [1/7(FA) O] {(FA) Xea)V (FA) Yea) 3 =1
[(F.A) Xea) 1 (FA) O] vV IFA) Vea) 1 (FA)
O}={ (FA°) Xea)V(FA) (Yea)} That is (F.A°
) KeatYea) < {FA° ) (Xea)VFEA )
(Yea)}-Similarly, (FA° ) (XeaYea) = (FA)
XeaYEa) 1 AQ) < [1 7 (FA) OKFEA) Xea)Vv
(FA) Yea) 3= {[FA) Xea) 1 (oF'A) O] v [(F,f\)
Vea) [ (FA) 0] } ={ FA) Xea)V(FA")
(Yea)}-That is (FA° ) (XeaYea) < { FA°)
XEa)V(F,AY ) (YEa)}. Hence (FA® ) is an anti-L-
fuzzy soft subhemiring of a hemiring R , for all X )
and NG inR.
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