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Abstract

Within the framework of the cosmological
theory of the Big Bang, F-theory that unifies all four
types of fundamental interactions is represented.
Among the most exciting predictions of physics
beyond the Standard Model is the assumption of the
space of extra dimensions that solves the hierarchy
problem. With the presence of this extra dimensions
are connected the searches for Kaluza-Klein partners
of gravitons, gauge bosons and microscopic black
holes at the LHC. In the framework of F-theory,
Calabi-Yau fourfold is considered as a space of extra
dimensions. We study the duality between the F-
theory compactified on the K3-surface and Eg x Eg
heterotic string compactified on the torus, T2 The set
of BPS states corresponding to the Calabi-Yau
fourfolds, which has either an elliptic curve or a K3-
fibration as a layer, is studied in the aspect of
correspondence to the KK modes of the M-theory on
R® x T2 x S%Z,. The singularities of the moduli space
of the Calabi-Yau fourfold make it possible to observe
massive KK modes, the masses of which are obtained
from the M-theory of supergravity. The result is of
interest for a theoretical understanding of the KK
modes, the experimental searches for which are
carried out at the LHC.
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I. INTRODUCTION

Observational data confirms the correctness of
the Big Bang model. The early Universe was filled
with radiation and neutrinos with a small number of
neutrons and protons. During the expansion, the
radiation has cooled down and today its temperature
is no more than 3 Kelvin. During cooling, the number
of particles over the antiparticles gradually increased.
Particle production occurred in an inhomogeneous
and anisotropic Universe. After the birth of pairs of
particles and antiparticles during the evolution of the
Universe, it became increasingly isotropic and
homogeneous. In the early Universe, when it was
close to the singularity, at high temperature and high
radiation density, gravitons could be generated. Their
energy was too small to be detected. The second
consequence of the early phase of the Universe
formation after the Big Bang could be the formation

of micro black holes. The space in this case was
inhomogeneous and chaotic. According to the chaotic
model of Misner’s mixed world, there were
collapsing regions of all matter in a certain area of
space until a black hole formed. At the same time, the
masses of such black holes should be relatively small
for the appearance of self-destruction which does not
violate the global structure of space-time of the
Universe. In the next third of a million years, a
primary fireball appears, which consisted of primary
matter and radiation. Homogeneity and isotropy are
confirmed by direct observations of uniform
distribution of helium in the Universe.

Since the theory of the Big Bang is promising
among all cosmological theories, one can hope that
there will appear a fundamental theory that studies the
conditions of the initial singularity. One of the
greatest successes of the physics of elementary
particles is the combination of electromagnetic and
weak interactions into a unified theory of electroweak
interaction. The consequence of adding of a third
nuclear force is the prediction that during the first 10°
%2 seconds after the Big Bang, the temperature was so
high that there must exist supermassive particles with
mass of 10° grams with equal role of strong, weak
and electromagnetic forces. It can be confidently
asserted that there are also possible theories with the
fourth fundamental force, gravity, which provide for
the existence of supermassive particles in an even
earlier period after the Big Bang, and in which all
four types of fundamental interactions are equally
represented.

The theory of strings or M theory, the theory of
supergravity are used, as theories of unified
fundamental interactions in one theory of the physics
of elementary particles at high energies. However, the
problem is that to perform the appropriate
experiments, we need the energies that are
unreachable at modern accelerators.

Among the most exciting predictions of physics
beyond the Standard Model is the assumption of a
space of extra dimensions. The advantages of this
additional space are that it solves the problem of the
hierarchy of interactions, reducing Planck’s energy
10" GeV to the energy achievable at modern
colliders, 10 TeV. With the existence of the space of
extra dimensions are associated the searches for such
exotic objects at the LHC, as Kaluza-Klein (KK)
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partners of gravitons, KK partners of gauge bosons
and microscopic black holes.

Il. THE COMPACTIFICATION OF F-THEORY
ON FOURFOLD

We will consider a fourfold as a space of extra
dimensions. The choice of this particular space is due
to several reasons. First, the choice of the fourfold is
due to the ”good” holonomy group - either SU(N) or

Spin(7), which leads to the conservation of
supersymmetry, see Table 1.
Table |

Classification Of The Extra Dimensional Spaces
By Holonomy And Supersymmetry Groups

Dimen | Manifold | Holonomy | SUSY

sion type

K T 1 1

4 K3 SU(2) 1/2

6 CY3 SU®3) 1/4

7 G, G, 1/8

8 Sp(2) hyper- 3/16
Kahler

8 CY4 SU4) 1/8

8 Spin(7) Spin(7) 1/16

To receive the theory of supergravity in eight
dimensions, it is necessary to compactify the ten-
dimensional theory of supergravity on the torus T2,
since the compactification of N = 1 supergravity onto
T? gives N = 1 supergravity in eight-dimensional
space, that is presented in [1].

Secondly, the compactification of the twelve-
dimensional theory or the F-theory on fourfold leads
to the usual physical four-dimensional space with
which the observed physical quantities are associated.
The choice of the F-theory as the pretender of
the “Theory of Everything”, which solves the
problem of the hierarchy of interactions, is due to its
relation to the Eg x Eg-heterotic string and to the
SO(10) c Eg symmetry group of the Standard Model.
Thus, the compactification of a heterotic string on T?
and the compactification of F-theory on K3-surface
gives a dual description of the same set of theories in
the eight-dimensional space

Het =1 (10D) [16 Q]  F-theory (12D) [32 Q]
! !

dual
8D [16 Q] 8D [16 Q]

(1)

The compactification of the F-theory to a
supersymmetric theory is associated with an elliptic
fibration i.e the vacuum in four dimensions is
described by an elliptic fourfold Calabi-Yau. In the
future, we’ll work with the Calabi-Yau manifolds,
which, as a layer, have either an elliptic curve or a
K3-fibration, and it is presented by the following
form

& = &

l !
K3 > X —> P
! ! I

Pl—>F2k—>Pl

By its definition, the K3-surface belongs
simultaneously to two classes of manifolds that are
intensively studied by mathematicians and physicists:
the Calabi-Yau manifolds and holomorphic
symplectic manifolds. The K3-surface has a 22-
dimensional homology group H,(K3, Z), with a
lattice T*'°. Such a space has singularities, the blow-
up of which leads to a smooth space. The
compactification of an F-theory on a K3-surface is
described by an elliptic fibration X over a base B

T > X
!
B
with a set of elliptic curves (a set of points (x, y, z) in
the projective plane P**' which satisfies the
equivalence condition
(X, Y, 2) ~ (A%, A%y, Az), VA € C\0,
defined at each point of the base, which are
parametrized by the Weierstrass form
F=-y*+x*=flo)x + g(®) =0,
)
where f, g - are functions of coordinates ® on the base
B. At the singular point, where the discriminant
A=4F+27g°=0
at the point (x, y) vanishes, the partial derivatives of F
with respect to o,
OF/bo=1" x+g’
are nonzero, therefore the K3-surface defined by (1)
iS non-zero at each point ®, although the fiber
degenerates at a point (X, y).

The compactification of the F-theory on a singular
K3-surface leads to a vacuum in the eight-
dimensional supergravity theory with enhanced
symmetry groups, since the presence of a singularity
leads to massless gauge bosons classified by such
groups. In the M-theory/l1A picture, the gauge boson
appears from the membrane/of the D2-brane wrapped
around the vanishing cycle, Fig. 1.

M =Fourtfold
L:;_'. 1
Fig 1: Instantons as Euclidean D2-branes, that are
point-like in space-time and wrap the cycle around
the fourfold M

Classification of types of singularities was carried out
by Kodaira [2], with each Dynkin diagram
corresponding to each type of singularity. In F-the
theory, such Dynkin diagrams characterize a non-
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Abelian gauge group appearing from the singularities
of the K3-surface. A complete set of singularities
classified by Kodaira is presented in Table 2

TABLE 111
Classification of the extra dimensional spaces by
holonomy and supersymmetry groups

ord(f) | ord(g) | ord(A) singularity | nonab.
symmetry

>0 >0 0 none none

0 0 n Ant SU(n)

>1 >0 0 none none

>0 1 2 none none

1 >2 3 A SU(2)

>2 2 4 A, SU(3)

2 3 n+6 D+ SO(8+2n)

>2 >3 6 D, SO(8)

>3 4 8 Es Es

3 >5 9 E, E,

>4 5 10 = Es

I11.THE DUALITY BETWEEN THE
HETEROTIC STRING AND F-THEORY

The duality between the heterotic string
compactified on the torus T? and the F theory
compactified on K3, was studied for the first time in
[3]. It leads not only to the same low-energy theory of
supergravity, but also to the same physical theory at
the nonperturbative level, confirming the existence of
a dual symmetry between two classes of string
vacuum. And although there are still gaps at the
mathematical level in the proofs of the duality
between the matter content and the symmetries,
suggesting the presence of a deeper geometric
structure of these theories, the existence of the duality
is beyond doubt. Considering the duality between
string theory and F-theory, it is necessary to
emphasize that light string states correspond to D-
branes wrapping around the vanishing cycles. Since,
in accordance with (1), there is a duality between the
heterotic string and the F-theory, and in the
framework of the M-theory all string theories are dual,
Fig. 2, then it is reasonable to conclude about the
existence of dualities between all the remaining string
theories and the F-theory with the corresponding
compactification.

For the compactification of the F-theory
to the eightdimensional vacuum, it is important to
emphasize that Calabi-Yau fourfold is the space of
the elliptic fibration defining the F-theory [4]. This
condition was observed in our calculations [5], for
example, for the Donagi-Grassi-Witten model [4],
where an elliptic fibration over the base P* x S with S
- del Pezzo’s surface was taken as the fourfold. It is
interesting to consider the spectrum of BPS states on
the fourfold after the compactification of the F-theory.
This issue was studied earlier in [5] at the level of
computations using the INSTANTON computer
program, but the theoretical interpretation of this

issue remains open. In [6], duality with a heterotic
string was used for studying of the number of BPS
states after the compactification of the F-theory on the
Calabi-Yau threefolds. The study was began with Eg
x Eg heterotic strings, which then was compactified to
a circle up to 9 dimensions or on the K3-surface. It
must be emphasized that during compactification, the
Eg group goes over to the E4 group, Eg — Ed x
U(1)** and the question of the interpretation of new
Ey BPS states, which are Eg states deformed on a
circle, appears. Similarly, the Ey4 instantons of a
heterotic string compactified on K3 are the dual to
instantons of the Calabi-Yau threefolds, where the del
Pezzo surface contracts to zero size. For
example, among the BPS states there is a string that
rotates around the circle, carries one unit of the
momentum ((pL, pR) mean the left-handed and
righthanded momentum of the string,

(pL, pr) =1/ v T (n/2R — mRT, n/2R + mRT),
where (n, m) are the momentum and the rotation
number of the string around the circle (singularity), T
is the tension of the string) and becomes massless. At
this point there are 252 such states. Since, during our
calculations, in [5] there are repeating sequences of
instanton BPS states for Calabi-Yau foulfolds, we can
conclude about the equivalence of the qualitative
results of the compactification of F-theory on
threefolds and fourfolds. However, the appearance of
new BPS states for the fourfolds [5], signals about the
presence of a more complex fibration of Calabi-Yau
fourfold, in contrast to the threefold. More complex
fibration of Calabi-Yau fourfold leads to new
instanton numbers.

Type |

S0(32) heterotic

I

E=xE=: heterotic

M-theory

Type lIA
A

Y
Type lIB

Fig 2: Diagram of dualities between string theories.
The yellow arrows are S-duality, the blue ones are T-
duality
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IV. KALUZA-KLEIN STATES FOR KS-
COMPACTIFICATION OF THE F-THEORY

As is known from [7],
Eg x Es — M-theory on R™ x SY/Z,,
Eg x Eg on R® x S' — M-theory on R® x S x SY/z,
Therefore,
Egx Egon R®x (S'x S'=T%) —
M theory on R® x (S! x S = T?) x SY/Z,.

Since we interpreted the heterotic EgxEg string as
an M-theory on R*xS'xS%/Z,, so the M theory on
R®x S'xSYZ, should be an EgxEg theory on R®xS!.
We consider F-theory compactification on fourfolds,
which are obtained from fibering of Calabi-Yau
threefolds over two-sphere or exceptional divisor, D.
As Calabi-Yau, in accordance with the above, has
K3-fibration in addition to elliptic fibration, F-theory
on K3 is dual to heterotic string on T2 and to the M
theory on T?xSY/Z,. The K3-compactification of the
F-theory leads to singularities with definite two-
cycles of the K3-surface that collapse to zero. It leads
to massless BPS states. After the K3-compactification,
the points of the moduli space representing the
conformal field theory and the points representing the
theory with enhanced symmetries do not coincide,
that is, the dual theory of the heterotic string does not
describe the complete string dynamics [8]. Since we
further compactify the M-theory on a circle S' of
radius R to nine dimensions:
R® x T? x SYZ, — Eg x Eg on R® x T? — F-theory on
K3, then we have the equivalence of M-theory with a
Calabi-Yau manifold with a Kahler class of an elliptic
curve ke ~ 1/R. In the limit R — oo, we obtain the
compactification of the F theory in the eight-
dimensional space. Particularly interesting is the case
of the Calabi Yau fourfold with kp + kg = 0, where kp
is the Kahler class of the exceptional divisor D. At
this point, 252 states become massless. According to
[6], massless 252 states are only the tip of the iceberg,
since there is an infinite sequence of massless states
252, -9252, 848628, ... . A more detailed study of
BPS states at the transition point shows the possibility
of supersymmetry breaking and the possibility of the
appearance of an infinite number of BPSs-states with
mass.

From the article [7] are known the states in the M-
theory on R® x S' x S/Z,. The natural set of states is
given by KK states that have masses

M2 = IZ/R210+ m2/R211+ n2R210 R211
for certain values of conserved quantum numbers m
and n and approximately conserved number I. The
masses of KK states in the Eg x Eg heterotic theory
are given by
M?gg = m? /R%gg + N°R,

where the membrane wraping modes are the winding
modes of the heterotic string. After the
compactification onto the torus of the heterotic string,
Eg x Eg on R® x T> — M-theory on R® xT? xS'/Z,, the
KK modes along the nine dimensions in the M-theory
can be interpreted as the KK modes along the eighth
dimension in the heterotic theory, while membrane
wraping modes are winding modes of the heterotic
string.

V. CONCLUSIONS

The searches for KK modes at the Large Hadron
Collider is relevant not only for experimenters, but
also for theorists, since they are related to the
existence of a space of extra dimensions. Such space
for the F-theory is an eight-dimensional space, a
special case of which can be the Calabi-Yau fourfold.
It was of interest to shed light on the relationship of
the Calabi-Yau fourfold structure to the appearance of
a mass of KK-partners. On the basis of the duality
between the heterotic string and the F theory, as well
as between the heterotic string and the M-theory, the
article presents formulas for the masses of the KK
modes for the K3-compactified F-theory.
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