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Abstract

In this work it is found that the Einstein- Maxwell
field equations for charge - free space admit plane -
wave solutions that may be considered not only as
electromagnetic (EM) waves, but also as
gravitational (G) waves. This conclusion may be
sustained by means of some local gauge
transformation that leaves the energy-momentum
tensor unchanged and introduces the G interaction
into the classical electrodynamics. The result of this
local gauge invariance is deriving of four field
equations which turn out to be a more general form
of Maxwell’s equations. On the basis of these
quations, it is shown that the plane EM and G waves
are combined as a single EM wave in which the G
field is proportional to the scalar longitudinal
component of the EM wave, i.e. proportional to the
scalar projection of electric field onto the common
direction of propagation of the EM and G waves. In
addition, starting from the principle of least action,
the relativistic equation of a charged test particle in
the field of EM and G waves is determined. In the
non - relativistic limit, it is found that the parametric
equations of test particle describe a curve similar to
the so - called trochoid. Then, it is deduced that the
motion of a test particle can not occurs under the
influence of G field alone, since the inertial mass of
test particle is related to the absolute value of its
electric charge so that a test particle without electric
charge must be a particle without inertial (rest) mass.
These results suggest that the new derived form of the
Maxwell’s equations in free space may be proposed
as a completion to the Einstein - Maxwell equations
in free space.

Keywords orthogonal transformations, EM
invariants, longitudinal vector component of the
electromagnetic field waves, electro - gravito -
magnetic (EGM) field, Weyl - like equation for
describing massless particles

l. Introduction

According to the principle of equivalence, a non -
inertial reference system is equivalent to a certain G
field. In what follows, we assume that the source of
the “actual” G fields is the fundamental physical
process of emission of EM radiation by accelerated
charged particles that make up the matter. However,
we limit our considerations only to the EM fields

occurring in vacuum in the absence of electric
charges. As we know, such EM fields are the EM
waves described by the Maxwell equations in
vacuum. Therefore, according to the principles of
general relativity, we consider that the equations
which describe the “actual” G fields are the Einstein -
Maxwell equations for charge - free space, together
with the Maxwell’s equations for charge - free space,
i.e.

1 8nG
Raﬁ _EgaﬁR = _TA,N Taﬁ

ayFaﬁ + aaFﬁy + aﬁﬁ/a =0
@
aaFaﬁ =0

where T,; is the energy - momentum tensor of the
EM field occurring in vacuum in the absence of
electric charges, and F, is the EM field tensor.

I1. Einstein - Maxwell Field Equations in Vacuum

Let us introduce a space - time equipped with a
Riemannian metric, which is conformal to the pseudo
- Euclidean space

{ds2 = Gup dx®dxP = p?dsk @

dsg = 8,5 dx“dx?

that is we consider a local rescaling of the Euclidean
metric tensor 8,5 — Y2 (x*)8,5, Where Y(x#) is an
arbitrary function of the space - time coordinates
x* = (x,y,zict) and §,; is the Kronecker delta
tensor. The curvature tensor of this conformally flat
space - time is the Riemann - Christoffel tensor

R =0 {gy =0 (o} +{oy Hio} -
(s ®

where {ﬁay} represents the usual Christoffel

connection. Since the metric tensor has the form
Jap = P2 (x*)8,, the Christoffel connection can be
rewritten as a Weyl conformal connection in the
pseudo - Euclidean space
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{Bay} = S5y, + 85 — gy Y (4

where the covariant and contravariant four - vectors
are given by the expressions

Ws = 95 Iny ()
P =8Py =, (6)

Inserting (4) into (3), and contracting a with y, we
can write the Einstein - Maxwell field equations in
the form

1 1 31 AnG
;aaaﬁlp — Oap [JD‘P‘EW(W)Z] =— c4N Top

(")

where O denotes the d’Alembertian operator in
pseudo - Euclidean space

oY = 0% 0,3 = Ay — (1/c*)otp  (8)

(V))? denotes the expression
(Vp)? = 5% 0,1 1) )

and T,z is the energy - momentum tensor of the
electromagnetic  field, written in curvilinear
coordinates (Gaussian system of units)

1 1
Taﬁ =E(FayFﬁy_Zgaﬁ ;WFIW) (10)

These equations allow us to determine the unknown
function ¥ (x*) for a certain particular arrangement
of the energy - momentum tensor T,; of the
electromagnetic field.

I11. Electromagnetic Waves

Further on, we try to find the expression of the
energy - momentum tensor for a plane EM wave. As
we already know, the electromagnetic waves verify
the Maxwell’s equations in the absence of electric
charges

vxE=-12 . divA=0 (1)
vxA=12  dwE=0 (12)

Therefore, the electric and magnetic fields satisfy the
same d’ Alembert equation
nE=0 ; oH=0 (13

The simplest solutions to these equations are the
plane - wave solutions of the form

E F,t — E" e_i(th_EF'HZOEm)
{ 00 = Eoem 0T 1y
EO = onl + Eoy] + EOZk
and, respectively
J7i 7 t) = H.e~i(wot=Ki+agem )
{ (70 = Hoem 20700 s
HO = Hoxl + Hoy] + HOzk

where EO and 170 are constant vectors, and «,,, is a
constant (real) initial phase of the electromagnetic
wave.

IV. The Invariants of the Electromagnetic Field

As it is already known, the electric and magnetic
fields of the plane electromagnetic wave are
perpendicular to each other and equal to each other in
absolute value

EH =0 (16)
|E| = E@#t) = |H| = HFE) (A7)

We also know that, the quantities E2 — H? and EH
are fundamental invariants of the EM field, which
remain unchanged with respect to the Lorentz
transformations, but also with respect to the set of all
possible rotations of the Cartesian coordinate
systems. Therefore, the conditions (16) and (17)
remain unchanged in the transition from one
Cartesian coordinate system to another, because we
are in the case where the two fundamental invariants
are zero (null electromagnetic field).

V. Orthogonal Transformations

Excepting the Lorentz transformations, we want to
introduce those linear transformations which
preserves the absolute values of vectors and angles
between them, i.e. those linear transformations that
leaves unchanged the two fundamental invariants of
the electromagnetic field. From linear algebra, we
also know that such linear transformations are the so
called

orthogonal transformations. Therefore, let us
introduce a plane electromagnetic wave and two
Cartesian coordinate systems, S(O,x,y,z) and
§'(0,x,y,z"), with the same origin. Then, let us
consider that, with respect to the S’ system, the
electric E and magnetic H fields are constrained to
oscillate in the y" and z’ directions, respectively. This
is what we call a linearly polarized plane wave
traveling in the positive direction of the x" axis at the
speed of light. Thus, we can write the electric and
magnetic fields with respect to the two Cartesian
coordinate systems, as follows
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EG6) =EF ) =
E. (7, O)i + E,(7,0)] + E,(F, )k (18)

H#t) = HF OK = H, @, 0)i + H, 7, 0)] +
H,(# Dk (19)

where (i, j, k) are the orthonormal vectors of the
coordinate system S, and (l i, ﬁ) are the

orthonormal vectors of the coordinate system S'. In
what follows, we shall denote the orthonormal basis

of the S system (1 i, F) by (7, & h). Then, to
write the orthonormal basis (1 7 F) in terms of
(i, 7, k), we use the linear transformation

+e,k (20)
bl

Now, it is easy to observe that the transformation
matrix from S to S” can be displayed as

x Ny Ny
A= <ex ey ez) (21)
hy h, h,

where the entries are the direction cosines of the
transformation. It is known that the matrix
representation of an orthogonal transformation is an
orthogonal matrix whose rows and columns are
mutually orthonormal vectors. This matrix verifies
the matrix equation

ATA=AAT = I4 (22)
where AT is the transpose of matrix A, and I; is the

identity matrix. From the matrix product 4 AT = I,
we get the well - known set of identities

n*=ni+ni+n;=1 (23)
2=elt+elt+el=1 (24)
h*=h2+h2+h2=1 (25)

né =n.e, +n,e, +ne, =0 (26)
fih = n.h, +n,h, +nh, =0 (27)
hé = he, +hye, +he,=0 (28)

and from the matrix product ATA = I;, we get
another set of identities
nZ+el+hi=1 (29)

nZ+el+hi=1 (30)
nZ+e+h:=1 (31)
nn, +ee, +hh, =0 (32)
nn, +ee, +h.h, =0 (33)
nyn, +e,e, +h,h, =0 (34)

To these identities we add the cross product 71 = € X
h, written in terms of components

n, =eh, —e, (35)
n, = e,h, —e.h, (36)
n, = e.h, —eyh, (37)

VI. The Energy - Momentum Tensor

Let us now express the components of the energy -
momentum  tensor T, in terms of the
electromagnetic field strength tensor F,,. In matrix
form, this tensor may be displayed as

0 H, —Hy  —iby
~H, 0 H —~iE
E,=| 4 g g (38)
W y  <He 0 ~iE,
iEy By i 0

According to (18), (19) and (20) the components of
electric and magnetic field strengths can be written as
follows

E.(7,t) = E(7, t)e,
E,(*,t) =E( tle, (39)
E,(#,t) = E(7, t)e,

and, respectively
H, (7, t) = H{# t)h,
H,(#t) =H{ t)h, (40)
H,(#t) = H(7, t)h,

where the absolute values of the electric and
magnetic fields can be written as

|E| — ’EZ(F’ t) — Eoe—i(wot—l?f+a0€m) (41)
|ﬁ| — ’ﬁZ(F’ t) — Hoe—i(wot—l?7+a0€m) (42)

In a similar manner, the components of the wave
vector K can be written as follows

K, = Kn,, K, =Kn,, K, = Kn, (43)
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Now, let us turn to the definition (10) of the energy -
momentum tensor. By using the entries of the matrix
(38), according to (17), we get

E2 =2(H*-E*)=0 (44)
Therefore, the energy - momentum tensor given by
(10) reduces to

1 _
Taﬁ = Elp ZFO.’}IFﬁy (45)

If we now calculate the component T, , according to
the identities (23) - (37) and the components of the
electric and magnetic field strengths, (39) and (40),
we can easily verify that the energy - momentum
tensor can be written as

Ty == 2E2(F 1)L

(46)
where K|, is the well known four - dimensional wave
vector K, = (Kx,Ky,K iK) of the electromagnetic
wave. Substituting here the energy density of the
electromagnetic field

W@, t) = - [E2@0) + H2(F,0)] =
(47)

1 o
47TE (7,t)

we can rewrite the energy - momentum tensor (46) in
the final form

S 5 Ko K
T =72 OWE, ) =L (48)

VII. Plane Wave — Like Disturbances in Space —
Time

Substituting now (48) into (7), the Einstein - Maxwell
vacuum equations become

—a L Opth — 5,,,;[ Oy—
4nGN 1
Ly

S (v)?] =
Ko
w(i, 1)t (49)

It is easy to show now that, using the four -
dimensional notation, these equations admit plane -
wave solutions of the form

YY) = PoeRmag)  (50)

where 1, is a dimensionless real constant, a,, is a
constant (real) initial phase, and K, is the four -
dimensional wave vector of this plane wave K, =
(K..K,.K,,iK). In terms of it we find the following
identities

These identities lead us to an eikonal equation and a
wave equation
5% a1

(Vy)? = Opp =0

(54)
oy = 6% 9,059 = 0 (55)

Therefore, the Einstein - Maxwell vacuum equations
(49) reduce to

K.K; = ﬂ 2@ OWE DS KKﬁ (56)

VIII. The Relationship between Amplitudes

Since the wave function ¥ (x") describes a plane -
wave disturbance in pseudo - Euclidean space, we
may consider that i, represents the amplitude of the
plane - wave disturbance. It is easy to show that the

wave vector K is the same wave vector K of the plane
electromagnetic wave. Indeed, substituting (41) into
(47), the energy density of the EM field becomes

W(?, t) = fE(z)eZi(xva_“Oem)
(57)
Now, substituting (50) and (57) into (56), the

Einstein - Maxwell equations become

RakﬁeZi(xvl?v—aog) —
o 2e2i v—wen) K K, (58)

It follows that K, = K,,, i.e. the EM waves and the
space - time disturbances have the same angular
frequency, @, = w,, and the same propagation

direction, K = K, and the relationship between the
electromagnetic wave amplitude and space - time
wave amplitude is given by

Y5 = i Ege? (o eoen) (59)

Also, the energy - momentum tensor (48) becomes
independent of time and of position

1, _ K. K i -
Top = gV B8 e oommoen)  (60)

IX. The Conservation Law

We know that the Einstein - Maxwell equations in
vacuum ensure the fact that the covariant divergence
of the energy - momentum tensor is zero. Though the
equation

¥
VT = =0 (JaT%) = T {4 g} =0 (6D
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does not express the conservation law of energy and
momentum, howbeit the conservation law is ensured.
Indeed, substituting (52) into (4), the Christoffel
connection can be written as

{eg) = (ke8] + K587 - K76,5)  (62)

Now, using (51) and (60), we can easily verify that
T*, { ayﬁ} = 0. Therefore, (61) becomes

= (Vgr%) =0 (63)

that ensures the conservation law of energy and
momentum of the electromagnetic field. In what
follows, we shall see that the constant tensor (60)
may be interpreted as energy - momentum tensor not
only of the electromagnetic field, but also of the
gravitational field.

X. The Equation of Motion

Let us now find the motion equation of a test particle
in conformally flat space - time (2). According to the
principle of least action from the relativistic
mechanics, the Lagrangian for a free material particle
is given by

Lo, 5, 8) = —moc?(7,0) |1 -5 (64)

where m, is the rest mass of the particle. This is the
Lagrangian for uncharged test particles. For the
charged test particles we must add the terms (q/

c)ffﬁ — qo(#,t) which describe the interaction of the
charge with the electromagnetic field. Thus, the
Lagrangian of a charged test particle is given by

r U 2.0, (7 72 q 25
L@ v,t) = —myC Y@, t) |1 _c_2+ ;AU -
qe#,t)  (65)

Substituting this Lagrangian into the Euler -
Lagrange equation

d (%) L (66)

dt \ov

for a plane “gravitational” wave having the space -
time dependence given by (50), we get the following
relativistic equation of motion

Z—f+i(1?§—wo)ﬁ+ imgc?K ’1—f—§=
— =1 q (- 7
¢1[qE+ +;(v><H)]

(67)

where p represents the relativistic momentum. For an
EM wave having the space - time dependence given

=a,,, the motion

by (14) and (15), and for a,,,, 0g

equation can be rewritten as

g . AV - vz
E—lwo(l—j)p+lmocw0n 1—6—2—
q - 1 - —
= %[Eo-l-;(UXHO)]

(68)
where, as mentioned above, we have

= (h, hy,h,)
ﬁo == Hoﬁ

é= (ex,ey,ez) ;
EO = Eoé) 5

(69)
= (non,,n,); ¥=7,2)

Sy

The equation (68) represents the equation of motion
of a charged test particle in static uniform
electromagnetic and “gravitational” fields. Though
the gravitational field strength does not occur
explicitly, in what follows we shall see that it is
possible to define a scalar gravitational field whose
intensity is proportional to the amplitude y, of the
space - time wave. Now, since for a plane
electromagnetic wave, we have the cross product
H, = 7i x E,, the right - hand side of motion equation
can be rearranged as

a5 . ( ﬁﬁ)_) . S 72
— —iwy(1—— imycwgn |1 ——==
dt 0 c p+ 0 0 c?

solfo(1= - ) +i(CE))

(70)

In the weak electromagnetic field approximation, we
may limit ourselves to the case where the velocity of
the charge v « c. Then, for simplicity, we may
choose to solve the equation with respect to the
coordinate system S'. Hence, in the non - relativistic
limit, when we have 1—v%2/c?=1, and 1-—
nv/c = 1, the equation of motion with respect to the
coordinate system S” goes over into the form

(7%1;— iwy¥ +iwgc it = mioll)o_l [Eo + ﬁ(ﬁjgo)]

where the vectors have the components
EO = - ﬁ X ﬁo = (O,Eo, 0) (72)

=(1,0,0) ;v =&,y,2) (73)

Therefore, expressed in terms of components, the
equation can be written as

¥ —iwyX +iwgc —oEyy =0 (74)

J —iwyy —0yEy =0 (75)
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7 —iwyz =0 (76)
where we have introduced the notations
o =gt o= 77)

The third equation can be immediately integrated to
give

7 = C,elvot (78)

where C, is a complex constant. Also, the second
equation can be easily integrated to give

¥ =iCyeiwot %0 (79)

where C, is another complex constant. By
substituting this solution into (74), we get

X — l(l)ox + i(l)oC - ialeiwot - iaz =0 (80)

where we have introduced the notations

a1 = UEO Cy
(0Eg)? (81)
a, =——
K

The integral of this equation is
x = (C, +ia t)e®ot + ¢ (1 —a—z) (82)
cwo

where C, is a complex constant. Since the complex
constants C,, C,, C, are multiplied by e'“of, we can,
by a suitable choise of the time origin, give them real
values. Thus, by extracting the real parts from the
above complex expressions, we obtain

x = C,coswyt — ayt sin wyt + c( _caTZ)
0
(83)
y =-— Cysinwyt (84)
7 = C,cos wyt (85)

Therefore, the velocity components are periodic
functions of the time, and at t = 0 the velocity 7, is
contained in the (x', z') plane

Uy = XN + Zyh (86)
where the components are given by
cwo

%= Cotc(1--2)

Now, by using the well - known formula

(F(0) == fF©)dt

where = 21/ w, , we find the average values

(x) = c(1—6“w—30)
(y)=0

(87)
(z)Y=0

where we have a; =a, —a;. So, the average
velocity (v') is along the x' axis, i.e. it is
perpendicular to the electric and magnetic fields and
independent of the electric charge sign. For the
average velocity to be small compared with the
velocity of light, i.e. (x') « ¢, we must have

1—a2+acc—y<<1 (88)

-1
goEo _ qEo Yo
woC mopc wo

q = +lql, wegeta = iwilpo‘l, where we have
0

where we have a = . Thus, if we note

lg|E lg]H,
=20 ;. =20 (89)
mopc mopc

. C
From (88), we obtain : ajy « a?, where a = +|al,
lal = =15 Thus, we can write
0

C C C
+lal 2 « |al? & lal |—Y| < lal? & |—y| « lal
(90)

Since we must have |Cc—y| « 1, it follows that |a| =
le will)o_l = 1. Thus, we obtain
0

Yo = (01)

So, for the average velocity to be small compared
with the velocity of light, it is necessary that the
electric and magnetic fields satisfy the relation

mo

Ey=Hy= |q_|5w01/)0 (92)

By integrating the equations (83) - (85) once more,
and choosing the constants of integration so that at
t=0, x(0)=0,y(0)=0,z(0) =0, we get the
coordinates of the charged test particle as periodic

functions of the time

x (t) = L(Cx —Z—Z) sinwyt +

w0

a—ltcosw0t+c(1—a—2)t
[2]0]

wocC

y'(t) = Z—yo(cos wot — 1)
(93) - (95)
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’ C, .
z(t) = m—Zsmwot

As we already know, the first two equations describe
the projection of the particle motion on the (x',y")
plane. We observe that this projection is a curve
similar to the so - called trochoid. The third equation
describes an oscillatory motion directed along the z’
axis. The angular frequency of the oscillatory motion
is the proper frequency of the electromagnetic field.
Now, if we recall (59), for a,., = a,, (i.e. the EM
waves and the space - time waves are in phase), we
may write

Ey=H, = %1% (96)

Therefore, comparing (96) and (92), we obtain

1

\/?qul

my = 97)

Thus, the inertial mass of a test particle is related to
the absolute value of its electric charge, suggesting
that the test particle possesses a kind of gravitational
“charge” named gravitational mass or inertial mass,
whose value is proportional to the absolute value of
its electric charge. Therefore, it would be erroneous
to consider the Lagrangian (64) as Lagrangian for
uncharged test particles, i.e. it would be erroneous to
consider the equation

dp . ( qa)ﬁ , R 72
— —iwyl|ll—n- imycwgn |1 ——= =0
dt 0 c p+ 0 0 c?

as equation of motion for uncharged test particles,
since a test particle without electric charge would be
a particle without rest mass, and a particle without
rest mass would be a field particle, namely a boson
(in our case, foton or graviton). Hence, the test
particle verifies the generalized Lorentz force
equation (68), since for an inertial mass m, it is
necessary to be associate an electric charge g whose
absolute value is given by the relation

|CI| =/Gym, (99)

(98)

XI. Electro — Gravito — Magnetic Wave

As a consequence of the Einstein - Maxwell field
equations and of the relationships between the
electromagnetic and space - time wave amplitudes
given by (96), it is possible to associate with the
space - time wave a gravitational wave whose
amplitude is proportional to the amplitude 1, of the
space - time wave. Indeed, if we introduce the
expression

1
wo = o (B + HY) (100)

as energy density of a constant and uniform
electromagnetic field, then, according to (96), we can
rewrite this expression into the equivalent form

1 2
%‘EQH“)

where the quantity Ty = cwypy = cw may be
considered as intensity of the G field. Hence, the
expression (101) may also be considered as the
energy density of a constant and uniform
gravitational field. In a similar manner, we may
rewrite the expression of the energy - momentum
tensor (60) under the equivalent form

2
12 |2 Ko Kp
Ty =gt (o) 5

where, according to (96), we have used the
relationships

[y = \/G_NEO = \/G_NHO

Therefore, the energy - momentum tensor T, of the
electromagnetic field may also be considered as
energy - momentum tensor of the gravitational field.
Now, let us multiply the relationships (103) by
e~i(@ot=K7+a0s) - Considering g, = @y, We can
write

2
(101)

(102)

(103)

T(7, t) = Tye i(wot=K7+aoy) (104)

where T(#t) = JGyEG t) = JGyHF t)
represents the scalar field of a plane gravitational
wave. Further on, let us introduce a non - symmetric
electromagnetic field tensor of the form

G

uv

=F, + T, (105)

or, explicitly, as a matrix, according to (38)

Ty H, -Hy —iEy
—H, T Hy —iE,
G = Hy  —Hy T —iE, (106)
iEy iE,  iE, Iy

where the component T, is an unknown function of
the space - time coordinates x* = (x,y,z, ict). It is
easy to verify that the transformed energy -
momentum tensor

1 _ 1
Taﬁ (G) = Elp 2 (Gay Gﬁy - Zaaﬁ Guzv)
is the same energy - momentum tensor T, (F) given
by (10), i.e.

Top (G) = Top (F) (107)
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Hence, the EM field tensor F,, is not uniquely
determined for the energy - momentum tensor T4 . In
addition, using the well - known covariant
formulation of Maxwell’s field equations in terms of

the transformed electromagnetic tensor G, , i.e.

a,le, + au le + 6,, GAH =0 (108)
2,G,, =0 (109)
we get the following set of four field equations for
charge - free space
I(V><FI)=16J?)+grad |\
c
VxE=—-0,H
c (110)

| dwE+-ar =0
div.H=0

It is easy to verify that these equations lead us to the
wave equation for the electric, magnetic and I'; fields
DE=0, al, =0, oH = 0 (111)
Therefore, the local invariance (107) of the energy -
momentum tensor T, introduces, in addition to the
electromagnetic field, the scalar field T, which
verifies the same wave equation like as the EM field.

Let us consider that these equations admit plane -
wave solutions of the form

7 (7_:’ £) = Ezoe—i(wot—?ﬁaom) (112)
H(# t) = Hye {(@ot=Ki+aoem) — (113)
L7, £) = Type(w0tKi+an) (114)

where a,, is the initial phase of the field wave
I,(#,t) and ag,, Iis the initial phase of the
electromagnetic field wave. There is no loss of

generality if we choose the versors and the vectors K
and H as follows

i =(1,0,0)
é=(0,1,0) (115)
h=(0,0,1) and
K=kKk# (116)
H=Hh (117)

Substituting the solutions (112) - (114) into the field
equations (110), we find that the three components of
the field are related by

-

E=nl,—-nxH (118)
H=@xE (119)
r,=#nE (120)

From (120) we find a more general relation between

E and . However, the relationship between H and 7
remains unchanged

nH=0 (121)

Therefore, the field I, represents the scalar projection
of the electric field E onto the direction of
propagation of the EM wave. By comparing the
equations (120) and (114), we also find
To; =R E, = Eycos ¢ (122)
where ¢ is the angle between E and 7, supposed to
be different from m/2. By identification it is also
found that ag.,, = g, i.€. the electric, magnetic and
I, field waves are in phase. Further on, according to
(103) and (104), we can write
(0]

I, = E{,t)cosg = %F(F, t)
N

i.e. the scalar component I'; of the EM tensor G, is
proportional to the G field strength T'(#t). In
addition, it is easy to observe that the electric field E
is contained in the (x, y) plane, since E H = 0, and H
is a normal vector to the (x,y) plane. Hence, the
electric field can be decomposed into a sum of two
orthogonal vector components : a parallel component
E, = E, and a perpendicular component E, = E, to
the direction of propagation of the wave. Thus, the
first component becomes the longitudinal component
of electric field wave, and the other becomes the
transverse component of electric field wave. So, we
can write

(123)

E= Elang. + Etransv. (124)
where, according to (118), we find
Elong = EX = E” = Ft ﬁ (125)
Eyansy. =E, =E, =—fxH=Hé

(126)

As a consequence, we find that the EM wave
becomes not only a transverse wave but also a
longitudinal wave, and the longitudinal scalar
component of the wave is even the field T,.
Moreover, we shall see that the field T, can be
associated with the time direction. Thus, the three
fields (112) - (114) may be considered as components
of a single electromagnetic wave, namely the electro
- gravito - magnetic field wave. The existence of this
field can also be demonstrated by means of a wave
equation similar to the Weyl equation for describing
massless particles. Indeed, for such a particle we can
use the relativistic wave equation proposed by Weyl

oha, ¥ =0 (u=1,234) (127)
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where the matrices o' =o0; (i =1,2,3) are 4x 4
Hermitian matrices that have the squares equal to the
identity matrix 1, and they all mutually anticommute

{ (128)

ol-2=14

and o* =g, = il,. Also, ¥ is the transpose of the
usual wave function with four components ¥ =

(%%, Z,‘I’) Explicitly, the set of three
matrices a; may be displayed as

0
i) (129)

Substituting these matrices into (128), we get two
separated equations
Vx Y= i(3t§’>—‘gr“ad.'¥’t
S ; (130)
div.¥ = —-9,%,
c

Now it is easy to observe that, if we identify ¥ and
Y, as

{W=E+W (131)

W, = —il,

then the wave equations (130) go over into the electro
- gravito - magnetic field equations (110). Also, we
can see that, the four - component wave function
consists of three fields, two vector fields (the electric
and magnetic fields) and a scalar field (the T, field)
that is proportional to the gravitational field strength
I'. Then, the time component of the wave function is
given by the component T', of G, tensor, multiplied

by -i. This means that both the component T, of G,

tensor and the scalar gravitational field strength T are
associated with the time direction.

1. Conclusions

Usually, in general relativity theory, the
dimensionless quantity 2 (7, t) is associated with the
scalar gravitational potential V, (7, t), according to the
formula

¢@0—7 (7, 0)

In the present paper we have associated the same
quantity with the square of gravitational field strength
['(# t), according to the formula

YEE ) = #t)

From this association we have defined the amplitude
of gravitational field wave as I’y = cwy,, Where 1,
is the amplitude of space - time wave. Then, we have
found that the energy - momentum tensor T, is an
invariant with respect to the local gauge
transformation

Fop (V) = Fop (xV) + T (xV) 8,5

This transformation introduces the G interaction into
the Maxwell equations, setting out a connection
between the EM and G fields in addition to the
connection established by the Einstein - Maxwell
equations. From here, we have deduced the existence
of EGM wave which is a wave of oscillating electric,
magnetic and T, fields. In other words, the G wave
has become the third component of an EM wave
whose relation between the electric field vector E and

the wave vector K is more general than that resulted
from the Maxwell’s equations. Thus, the EGM field
wave turned out to be an EM wave which consist of
two transverse vector components, £, and H, and a
longitudinal vector component, EH. It is worth noting
that, according to (116) and (126), the absolute value
of magnetic field, H, occurs both as the component of
magnetic field along the z axis, H, = H, and as the
scalar projection of electric field onto the y axis, as if
the electric field of EM wave would be converted
into another magnetic field, perpendicular to the first.
Also, it is worth noting that the difference between
the EGM field equations and Einstein - Maxwell field
equations can also be characterized by means of the
EM invariants. Indeed, multiplying the equations
(118) and (119) by E, we obtain the relations
{EZ =B+ I?
EH=0

which, in terms of electromagnetic invariants, can be
written as
{ﬁ—ﬁ%:ﬁzmu . {E>H
EH=0= inv. E 0
Then, the Einstein - Maxwell field equations for

charge - free space determine null EM fields, that is
EM fields which verify the conditions

i.e. {E H= (1/‘/G_N)F

EH=0
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Therefore, it is easy now to observe that the EGM
field equations (110) correspond to the Einstein -
Maxwell equations for the case where E > H.
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