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Abstract - In many machine learning tasks, environments are complex and unstable. Features in the data change over time. The 

labels in the data contain errors. These issues make model training very difficult. This paper focuses on a situation in which 

both problems happen at the same time. Learning in such a case is very challenging. It is even harder when the data in the new 

stage is limited. A new method termed ALDN is proposed. This stands for Adaptive Learning for Dynamic Features and Noisy 

Labels. The method has two main stages. The first stage learns a model from clean data. The second stage uses that model to 
help train a new model. The feature space has changed in this second stage. To do this, a tool titled optimal transport is used. 

This helps map the old model into the new feature space. Then, a special rule is applied to align the behavior of the old model 

with the new one. This rule is named a regularizer. It helps the new model learn better, even with noisy labels. Two versions of 

the method are presented. One uses a direct rule to keep the models close. The other uses an indirect rule that compares 

predictions. It is proven that the method works well in theory. The method is tested through many experiments. Comparisons are 

made with other identified methods. Better performance is shown in most cases. It works well even when the features change, 

and the labels are not reliable. This paper presents a useful way to deal with both dynamic features and noisy labels. It reuses 

past models and adapts them to new data. This helps when there is little clean data and the new data is messy. The method is 

practical and backed by strong theory and experiments. 

Keywords - Learning, Adaptive, ALDN.

1. Introduction  
In the real world, many machine learning systems work 

in complex and changing environments [1]. These 

environments are not stable. Data collected over time looks 

different. The features change. The quality of labels gets 

worse [2]. These problems create new challenges for learning. 

The main issue becomes more serious when we cannot store 

all past data. In many systems, there are limits on storage and 
computing power. So, only keep the model trained earlier and 

some newly collected data. When new data is collected, its 

feature space do not match the feature space of the past data. 

Some features disappear, and new ones appear [3]. This 

mismatch causes errors. Due to the change in the data 

collection process, the labels lose accuracy. This leads to noisy 
labels. This paper addresses a key problem involving 

simultaneous changes in both features and labels. The 

difficulty of this problem comes from the fact that three 

important parts of data change at the same time [4]. These are 

the volume of the data, the feature space, and the label 

correctness. When these parts change together, traditional 

learning methods no longer work well. There are three main 

challenges in this setting. First, it is not realistic to collect and 

store all data before training. Second, using only the shared 

features between past and current data is not enough. Ignoring 

vanished and new features leads to a loss of important 
information. Third, noisy labels make it hard to train an 
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accurate model. It hurts the prediction performance and 

reliability of the learned model. Some existing methods try to 

handle changing feature spaces [5]. Others try to deal with 

noisy labels. The method is provided that works well in theory 

and in practice, even when the feature space changes and 
labels are noisy. 

 

To solve this problem, introduce a new approach termed 

ALDN. The method works in two stages. The first stage is 

titled the Previous stage or P-stage. In this stage, a model is 

trained using clean and full-featured data. This model is saved 

for future use. The second stage is named the Current stage or 

C-stage. In this stage, the feature space has changed. Some 

features disappeared, and some new features appeared [6]. The 

data collected in this stage contains noisy labels. To deal with 

the change in feature space, a technique termed optimal 

transport is used. This helps in mapping the learned model 
from the P-stage to the new feature space of the C-stage [7]. 

This mapped model is used as a starting point for learning a 

new model in the C-stage. It is referred to as the prior model. 

To make the learning process stable, a regularizer is added. 

This regularizer makes sure that the new model is not too 

different from the prior model. It acts as a stability constraint. 

This helps to reduce the negative effects of noisy labels and 

changing features [8]. 

 

Two different implementations of this method are 

presented. The first version uses a direct steadiness constraint. 
This version is named ALDN-D. It directly forces the new 

model to stay close to the prior model. The second version is 

termed ALDN-ID. It uses an indirect regularization constraint. 

It compares the predictions of the new model and the prior 

model [9]. This way, the model is allowed to differ in some 

parts but still remain steady in general. Finally, the approach 

is tested on various datasets. These include synthetic datasets 

and real-world data, like activity recognition tasks. The results 

show that the method performs better than existing methods. 

It works well even when the data is limited, the features 

changed, and the labels are noisy [10]. The Key Contributions 

of this paper are: 

 The paper introduces a new and practical learning 

problem focused on data with dynamic features and noisy 

labels, an area that has not been widely studied. 

 A novel method named ALDN is proposed, which reuses 

past models and applies a regularizer to maintain 

consistency during training, supported by theoretical 

guarantees. 

 Experimental validation demonstrates that the method 

outperforms others across multiple settings, including 

real-world scenarios. 

This work is useful for many practical applications. These 
include systems that deal with wearable sensors, like health 

monitoring or human activity recognition [11]. It is useful for 

systems that monitor the environment, for example, those used 

during natural disasters. In these situations, it is usually hard 

to collect enough clean and reliable data. Models trained 

earlier become valuable and are reused using the approach 

proposed in this paper. The ALDN method does not require 

storing all previous data [12]. It only needs the model trained 

in the P-stage. Changing features and noisy labels make it 
difficult to learn a good model. But the proposed method 

handles both of these problems. It works even with a small 

amount of labelled data. This makes the solution very practical 

and useful [13]. The use of optimal transport and reliability 

regularization makes the model both stable and adaptive.  

2. Related Work 
This section reviews the two major challenges in the 

paper learning with dynamic features and learning with noisy 

labels. These are common in real-world settings, but few 

methods handle both together. Many real applications deal 

with changing features. In streaming settings, features appear 

or disappear over time. Earlier works, such as [14, 15], focus 

on feature selection when features arrive one by one. In these 

methods, the number of samples remains fixed, but the 

features stream continuously. More complex settings allow 

both the data and feature space to change. Zhang [16] 

introduced the clue of a trapezoidal data stream, as new 

features keep adding over time. Hou et al. [17] proposed 
OPID, which handles overlapping features between different 

stages. Zhang and Zhou [18] proposed FESL, which assumes 

a short overlap between old and new features. C. Hou [19] 

extended this by working with overlapping features during 

feature addition. Some studies consider fully dynamic 

streams. In these, features appear and disappear randomly. 

Examples include the works of B J Hou  [20], C.Hou and C. 

Xu [21], and Koby  [22]. More related methods are like [16], 

which modifies the Passive-Aggressive algorithm to fit the 

trapezoidal setting. Qian [21] extends OLSF to support weak 

supervision. The original PA algorithm was introduced by 

Tongliang  [23], and it tolerates some label noise. 
 

All these methods mostly ignore label noise. The solid 

theoretical support is lacking. That limits the use in more 

complex real-world scenarios. Label noise happens when the 

data labels are wrong. This is common in real data. Some 

methods use heuristics to manage noisy labels. Examples 

include the work of Benoit [24], J Zhou [25], B Han [26], 

Jiaheng [27], and Bo Han et al. [28]. The Passive-Aggressive 

algorithm [23] is used in this setting. Most heuristic methods 

do not come with theoretical guarantees. B Frenay discussed 

this gap in [29]. Other methods use statistical models. A 
common tool is the noise transition matrix. Giorgio et al. [30] 

propose a loss correction method using this matrix. Curtis et 

al. [31] improve label certainty using confident learning. 

Theoretical guarantees are provided in works like Natarajan et 

al. [32] and H chen  et al. [33]. To use the transition matrix, 

some methods assume the presence of anchor points. These 

are samples that clearly belong to a single class. Fernay [29], 

Han [26], and Patrini [30] used this approach to adjust the loss 

and correct noise during training. 
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These methods work well, but only when the feature 

space stays constant. Some recent works focus on feature-

dependent label noise. Here, the label noise depends on the 

input features. Xia et al. [34], Berthon et al. [35], and B. Han  

et al. [36] worked in this direction. But these methods are more 
complex and require additional assumptions. Other 

approaches consider weak supervision. Jacob [37] offers a 

review of such methods. Deep learning tries to manage noisy 

labels. Goldberger and Yuncheng Li et al. [38] added a noise 

adaptation layer. Yuncheng Li et al. [38] used a distillation 

technique to clean noisy data. Deep learning models usually 

need large, clean datasets. Most of the previous work looks at 

either dynamic features or noisy labels. Few works handle 

both. The method in this paper solves both problems together 

and provides theory and results to support it. 

 

3. Proposed Approach 
In many real-world learning tasks, data evolves over time. 

For instance, the features available in an earlier stage of data 

collection might not remain the same later. Some features 

vanish completely, while new ones appear. This situation 

becomes even more difficult when the labels provided for 

newly collected data are noisy-that is, some of them are 
incorrect. To address this dual challenge, the paper proposes a 

two-stage learning method named ALDN.  

 

The ALDN method helps train machine learning models 

when both the features and labels of data change or degrade 

across different time periods. The process is divided into two 

main stages. The first is named the P-stage or the previous 

stage. In this stage, clean data with a stable set of features and 

accurate labels is assumed. Using this clean data, train a 

reliable model. The second is the C-stage or the current stage. 

In this stage, the feature space has changed, and the data 

available is both limited in size and corrupted by noisy labels. 
 

Since the model learned from the P-stage is trained on 

different features than those in the C-stage, it cannot be 

directly reused. To solve this issue, the ALDN approach maps 

the old model into the new feature space using a carefully 

designed transformation. Once mapped, the prior model is 

used as a guide for learning the new model in the C-stage. To 

describe the method more precisely, introduce specific 

notations for both stages.  

 

In the P-stage, the input data is represented by a 

matrix. 𝑋𝑃 ∈ 𝑅𝑛1𝑋𝑑1 . Here, 𝑛1 is the number of samples and 

𝑑1 is the total number of features. The corresponding labels 

are stored in a matrix 𝑌𝑃 ∈ 𝑅𝑛1𝑋𝐶  . Here, C is the number of 

classes. These labels are assumed to be clean and accurate. 

The feature matrix 𝑋𝑝 is divided into two parts: 𝑋𝑝
𝑣. 

 

It contains features that will vanish in the next stage and 

𝑋𝑝. It includes the features that survive. Therefore, take 

𝑋𝑃 = [𝑋𝑃 ,
𝑉 𝑋𝑝

𝑠] 𝐴 = 𝜋𝑟2𝐴 = 𝜋𝑟2𝑋𝑝 = [𝑋𝑃
𝑉 𝐴 = 𝜋𝑟2 and the 

total number of features is. 𝑑1 = 𝑑𝑣 + 𝑑𝑠  Here is the number 

of vanished features and 𝑑𝑠 is the number of survived features. 

 

In the C-stage, the data is represented by a matrix.  𝑋 ∈

𝑅𝑛2×𝑑2 𝐴=𝜋𝑟2
𝐴 = 𝜋𝑟2𝐴 = 𝜋𝑟2, here 𝑑2 = 𝑑𝑠 + 𝑑𝑛. This 

reflects that some features from the P-stage survived. 𝑑𝑠 and 

new features 𝑑𝑛 appeared. The matrix X is similarly divided 

as X =[𝑋𝑠 , 𝑋𝑛], here 𝑋𝑠 contains the survived features and 𝑋𝑛 

contains the new ones. The labels in this stage are noisy and 

stored in Y ∈  𝑅𝑛2×𝐶 . The true labels Y ∈  𝑅𝑛2×𝐶. are not 

accessible during training. To model the classification 

problem, define two sets of classifier parameters. The model 

trained during the P-stage is represented by𝑊𝑝 ∈ 𝑅𝑑1×𝐶 . It is 

splited as 𝑊𝑃 = [
𝑊𝑝

𝑣

𝑊𝑝
𝑠] 

 

Here, the components correspond to the vanished and 

survived features, respectively. In the C-stage, the classifier 

that the learner wants to learn is represented by 𝑊𝑝 ∈ 𝑅𝑑2×𝐶 

and is split similarly to 𝑊𝑃 = [𝑊 𝑠

𝑊𝑛] , representing weights for 

the survived and new features. The purpose of ALDN is to use 

the well-trained model,  𝑊𝑃  from the P-stage to help train a 
new model W for the C-stage. Despite the difference in feature 

space and the presence of label noise. The prior model, 

denoted as 𝑊𝑜 is expected to be close to the final model W. 

The closeness is enforced through a regularization term added 

to the loss function during training. 

 

To make the model trained in the P-stage useful for the C-

stage, first deal with a key challenge: the feature space has 

changed. The classifier  𝑊𝑃  was trained on the feature space 

of dimension 𝑑1 = 𝑑𝑣 + 𝑑𝑠, but now the new data in the C-

stage lies in a different feature space of dimension 𝑑2 = (𝑑𝑠 +
𝑑𝑛). Since some features vanished and new ones appeared, the 

direct application of the old model  𝑊𝑃 . To the new data is not 

possible. To solve this, a transformation is proposed that maps 

the model  𝑊𝑃  into the new feature space of the C-stage. The 

approach is to learn a mapping matrix T ∈ 𝑅𝑑𝑛×𝑑𝑣 that 

transfers the weights associated with vanished features into the 

space of new features. Once this mapping is learned, the prior 

model 𝑊0  ∈  𝑅(𝑑𝑠 +𝑑𝑛)×𝑐  for the C-stage. It is constructed by 

concatenating the weights for the survived features and the 

mapped weights for the new ones. Mathematically, the prior 

model is defined as: 

 

 𝑊0 =  [
𝑊𝑝

𝑠

𝑑𝑠  × 𝑇𝑊𝑝
𝑣]                                      (1) 

                                             

Here, the scalar 𝑑𝑠 is used to scale the mapping. 𝑇𝑊𝑝
𝑣 

represents the transformation of the vanished weights into the 
new feature space. This problem is approached by using the 

concept of Optimal Transport (OT). OT is a powerful 

mathematical tool that finds the most efficient way to convert 
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one distribution into another. In this case, it is used to connect 

the vanished features in the P-stage with the new features in 

the C-stage. To apply OT, treat the vanished features 𝑋𝑝
𝑣 and 

the new features 𝑋𝑛  as two separate distributions. Let us 

denote 𝜇𝑛 𝜖 ∆𝑑𝑣 as the Marginal distribution over vanished 

features. 𝜇𝑛 𝜖 ∆𝑑𝑛 as the Marginal distribution over new 

features, both distributions are set as uniform to treat each 

feature equally. So, take 𝜇𝑣 =  
1

𝑑𝑣
1 and 𝜇𝑛  

1

𝑑𝑣
1, here  is a 

vector of all ones. Next, define a cost matrix G ∈  𝑅𝑑𝑛×𝑑𝑣 . 

Each element 𝐺𝑖𝑗  in this matrix represents the cost of 
transforming the j-th vanished feature into the i-th new feature. 

The objective is to find a transport plan T that minimizes the 

total cost: 

 

𝑚𝑖𝑛𝑇〈𝑇, 𝐺〉 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑇1 =  𝜇𝑛 , 𝑇 . 1 = 𝜇𝑉 , 𝑇 ≥ 0       (2) 

 

This is a standard optimal transport problem. The result is 

a matrix T that shows the way vanished features are mapped 

to new ones. To calculate the cost matrix G, use the survived 

features as a bridge. Since survived features 𝑋𝑝
𝑠 and 𝑋𝑠 ,  they 

are available in both stages and share the same meaning. Use 

them to reconstruct both vanished and new features. 

Specifically, solve two sparse reconstruction problems:𝐴 =
𝜋𝑟2 

𝑚𝑖𝑛𝑈𝑝  
‖𝑋𝑝

𝑣 − 𝑋𝑝
𝑠𝑈𝑃‖2

𝐹
+ 𝜆 ∑‖(𝑈𝑝)‖                        (3)

𝑑𝑣

𝑖=1

 

            

𝑚𝑖𝑛𝑢‖𝑋𝑛 −  𝑋𝑠𝑈‖2
𝐹

+ 𝜆 ∑ ‖(𝑈𝑝)‖𝑑𝑛
𝑗=1                             (4) 

 

Here, 𝑈𝑝 ∈ 𝑅𝑑𝑠×𝑑𝑣 and 𝑈 ∈ 𝑅𝑑𝑠×𝑑𝑛  are the coefficient 

matrices are used to reconstruct the vanished and new features 

from the survived features. The  ℓ0 Pseudo-norm encourages 

sparsity in the reconstruction. Once it is obtained 𝑈𝑝, and U, 

compute the cost matrix G as the pairwise Euclidean distances 

between the columns of 𝑈𝑝 and U. This reflects the difference 

or similarity between vanished and new features in terms of 

relationships with survived features. Finally, using the cost 

matrix G, solve the optimal transport problem to get the 

mapping matrix T. This matrix is then used to transform the 

model  𝑊𝑃  into the prior model 𝑊𝑜 for the C-stage. A major 

benefit of this process is that they do not need to store the 

original data 𝑋𝑝 from the P-stage. Instead, only need to store 

 𝑊𝑃  and the reconstruction coefficients 𝑈𝑝. It saves a lot of 

memory and makes the method more practical. This mapped 

model 𝑊𝑜 plays a central role in the rest of the training process. 

It is expressly in helping to learn a good model in the C-stage 

despite the presence of label noise and limited data. 

 

In the C-stage, the available labels are noisy. For many 

samples, the observed label does not represent the true class. 
To address this, introduce a technique to estimate the 

underlying noise in the labels. This is done using a noise 

transition matrix. The noise transition matrix  M ∈  𝑅𝑐×𝑐 

indicates the probability of one class label flipping into 

another. Formally, each element 𝑀𝑖,𝑗 represents the 

probability that a sample from true class i is labelled 

incorrectly as class. 

 

𝑀𝑖,𝑗 = Pr[𝑦 = 𝑒𝑗 , 𝑥 = 𝑄𝑖]s j                                   (5) 

                                      
Here, y is the observed noisy label, and y is the true label. 

The problem is that M is not given in advance. Estimate it if it 

is assumed that for each class, there exists at least one anchor 

point. An anchor point is a sample that belongs to one class 

with absolute certainty. In mathematical terms, if a sample 𝑥𝑖 

satisfies: 

𝑀𝑖,𝑗 = Pr[𝑦 = 𝑒𝑐 , 𝑥 = 𝑄𝑖] = 1                               (6) 

                                          

Then 𝑥𝑖 is an anchor point for class C. Using this 

assumption, estimate the row of the transition matrix 

corresponding to class C by observing the model’s prediction 

on the anchor point: 

 

𝑀𝑐,𝑗 ≈ Pr[𝑦 = 𝑒𝑗 , 𝑥 = 𝑄𝑖] = 1                               (7) 

 

In practice, finding anchor points using only the noisy and 

limited data of the C-stage is unreliable. Therefore, the 

proposal to use the prior model 𝑊0  to guide the search for 

anchor points. First, the model 𝑊0  is used to train a new model 

W using the noisy data (X, Y), with an added regularizer to 

keep 𝑊̈ close to 𝑊0: 

 

𝑚𝑖𝑛−𝑤
1

𝑛2
∑ 𝑙 (𝑓(𝑊, 𝑥𝑖), 𝑦𝑖) + 𝜆𝐶(𝑊, 𝑊0)             (8)  

 

Here, ℓ is the loss function (like cross-entropy) and  C(W, 

𝑊0)is a constant constraint, either direct or indirect. After 

training W, use it to estimate the anchor point for each class i 

by selecting the sample 𝑥 ∈ 𝑋 that gives the highest predicted 

probability for class i: 

 

𝑥𝑖 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑥∈𝑋 Pr(𝑦 = 𝑒𝑖, 𝑥)                         ̈          (9) 

 

The estimated row of the transition matrix is simply the 

predicted label distribution at this point: 

 

𝑀𝑖,𝑗 = Pr[𝑦 = 𝑒𝑗 , 𝑥 = 𝑄𝑖]                                        (10) 

 

This process gives us an estimated noise transition matrix 

M, which is then used to correct the loss during model 

training. The entire process makes use of the prior knowledge 

encoded in 𝑊0  to improve both the training and the label 

correction in the noisy C-stage environment. Without 𝑊0 , it 

would be much harder to find good anchor points due to the 

small amount of noisy data. Once the prior model 𝑊0 . is 

available, and the noise transition matrix M is estimated. The 

next step is to train a new classifier W using the noisy data in 
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the C-stage. Because the labels in this stage are not clean, 

directly applying a traditional loss function, such as cross-

entropy, leads to poor results. ALDN-D uses a direct 

constraint based on the difference between model weights. 

ALDN-ID uses an indirect constraint based on the model 
predictions. A corrected version of the loss function is used 

based on the inverse of the noise transition matrix M. This 

surrogate loss estimates the expected loss as if clean labels 

were available. Given the predicted probability vector𝑦𝑖 =
𝑓(𝑊, 𝑥𝑖) for sample 𝑥𝑖 and the observed label 𝑦𝑖, the surrogate 

loss is defined as: 

 

𝑙(𝑓(𝑊, 𝑥𝑖), 𝑦𝑖; 𝑀) =  ∑ 𝑙(𝑓(𝑊,𝑐
𝑐=1 𝑥𝑖), 𝑦 = 𝑒𝑐) 𝑋 [𝑀−1]𝑦𝑖,𝑒     

                                                                                                   (11) 

 

This loss reweights each class based on the probability 

that the observed label originated from that class under the 

noise model. In this version, the reliability constraint directly 

penalizes the distance between the new model W and the prior 

model 𝑊0 . The loss function is: 
 

𝐿𝐴𝐿𝐷𝑁−𝐷(𝑤) =  
1

𝑛2
∑ 𝑙(𝑓(𝑊, 𝑥𝑖), 𝑦𝑖; 𝑀) +  𝜆 ||𝑊 − 𝑊0|| 

2
𝐹

                                                                                                               

                                                                                         (12) 

 

This formulation confirms that W stays close to 𝑊0  in the 

parameter space. It is simple and efficient to compute. It 

assumes that the structure of  𝑊0  remains highly relevant. It 

does not always be true when the data has changed greatly. 

Here, instead of directly comparing the weight matrices, the 

predictions of the two models are compared. This indicates 

that agreement is enforced at the output level. The loss 

function is: 

 

𝐿𝐴𝐿𝐷𝑁−𝐼𝐷(𝑤) =
1

𝑛2

∑ 𝑙(𝑓(𝑊, 𝑥𝑖), 𝑦𝑖; 𝑀) + 𝜆 ||𝑋𝑊

− 𝑋𝑊0||2,1  
     (13) 

 

The 𝑙2,1-norm first computes the 𝑙2-norm of each row, 

then sum them using the 𝑙1-norm. This promotes sparsity in 

the difference, meaning most predictions of W and 𝑊0 . are 

kept similar, but a few are allowed to differ. This method is 

more flexible than ALDN-D. It is useful when the new data 

distribution is not exactly aligned with the old one. It allows 

the new model to deviate when necessary. To train the model 

in the C-stage, the objective functions are defined that are 

minimized.  

 

Both formulations involve two terms. A noise-corrected 

loss using the surrogate function ℓ, which depends on the 
estimated noise transition matrix M. A constancy constraint 

that helps reuse the prior model 𝑊0 . Because these objectives 

are differentiable, efficient optimization is possible using the 

gradient descent algorithm. Let the total objective be: 

𝐽(𝑊) =  ∑ 𝑙(𝑓(𝑊,
𝑛2
𝑖=1 𝑥𝑖), 𝑦𝑖; 𝑀) + 𝜆 𝑋 𝐶(𝑊, 𝑊0)         (14) 

 

Here, 𝐶(𝑊, 𝑊0)is the reliability constraint, either direct 

or indirect, depending on whether we use ALDN-D or ALDN-

ID. Minimize this function iteratively: 

 

𝑊(𝑡+1) = 𝑊(𝑡) − 𝛼 𝑋 𝛻 𝐽(𝑊(𝑡))                        (15) 

 

Here, 𝛼 is the learning rate and ∇J(W) is the gradient of 

the objective with respect to the weights W. Let us denote the 
prediction vector as: 

 

𝑦𝑖 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑥𝑖𝑊) ℎ𝑒𝑟𝑒 𝑦𝑖𝑗 =  
𝑒

𝑥𝑖𝑤𝑗

∑ 𝑒𝑥𝑖𝑤𝑘𝑐
𝑘=1

              (16) 

 

The cross-entropy loss corrected using matrix M becomes: 

 

𝑙(𝑓(𝑊, 𝑥𝑖), 𝑦𝑖;𝑀) =  ∑ log(𝑦𝑖𝑐) 𝑋[𝑀−1]𝑦𝑖,𝑐
𝐶
𝑐=1            (17) 

 

Let us define: 

 

𝐽1(𝑊) =
1

𝑛2
 ∑ 𝑙(𝑓(𝑊,

𝑛2
𝑖=1 𝑥𝑖), 𝑦𝑖; 𝑀)                            (18) 

 

The gradient of  𝐽1(𝑊)involves computing the derivatives 

of the softmax and cross-entropy functions. Since this is 

standard in classification tasks, follow the procedure used in 

modern deep learning: 
 
∂J1(W)

∂W
= X . × (ŶM−1 − Yclean)

                               (19) 

 

Here, Ŷ ∈ Rn2×C is the matrix of softmax predictions.  

Yclean represents the clean label distribution reconstructed via 

anchor points and matrix inversion. For ALDN-D (Direct 

Constraint): 

 

C(W, W0) = ‖W − W0‖F
2 ⇒ ∇C(W, W0) = 2(W − W0) (20) 

 

So, the total gradient becomes:  

 

𝛻𝐽(𝑊) = 𝛻𝐽1(𝑊) + 2𝜆(𝑊 − 𝑊0)                              (21) 

 

For ALDN-ID (Indirect Constraint), let Z = XW and 𝑍0 =
𝑋𝑊0 . The constraint is: 

 

𝐶(𝑊, 𝑊0) = ||𝑍 − 𝑍0  ||2,1                                          (22) 

 

The gradient of the 𝑙2,1
-norm is computed using subgradients: 

 

      
𝜕‖𝑍−𝑍0‖2,1

𝜕𝑍
= 𝐷, ℎ𝑒𝑟𝑒 𝐷𝑖,: =

𝑍𝑖,:−𝑍0,𝑖,:

‖𝑍𝑖,:−𝑍0,𝑖,:‖2
+𝑜̀

                (23) 

 

Here, 𝐷 ∈ 𝑅𝑛2×𝐶  is a matrix of row-normalized 

differences.  is a small constant to avoid division by zero.  
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Then, the gradient with respect to W is: 
 

     ∇𝐶(𝑊, 𝑊0) = 𝑋 .𝐷                                                  (24) 
 

So, the full gradient becomes: 
 

𝛻𝐽(𝑊) = 𝛻𝐽1(𝑊) + 𝜆𝑋𝐷                                            (25) 
 

Once the gradient is calculated, update the weights using 

the following rule: 

 

        𝑊(𝑡+1) = 𝑊(𝑡) − 𝛼 × ∇𝐽(𝑊(𝑡))                         (26) 

 
This process is repeated until convergence, typically 

when the change in loss is small or the gradient becomes close 

to zero. Both implementations of ALDN are optimized 

efficiently using the gradient descent method. The use of the 

prior model provides a strong starting point that improves 

robustness against label noise and feature drift. Let us revisit 

the noise transition matrix M, as given in Equation (5). This 

formulation assumes that noise only depends on the clean 

label y. But in the feature-dependent case, revise the transition 

as: 

 

   𝑀𝑖,𝑗(𝑥) = 𝑃𝑟̃[𝑦 = 𝑒𝑗  𝑦 = 𝑒𝑖 , 𝑥]                                (27) 

 

The probability of a class being corrupted into another 

depends on the input x itself. In such cases, a fixed noise 

matrix is no longer sufficient. Instead, it needs to estimate the 

way noise behaves across different regions of the feature 

space.  

 

The ALDN framework is extended to handle this case by 

using a local manifold-based assumption. That is, nearby 
samples in the feature space should exhibit similar noise 

behaviour. To capture this, define a sample-wise noise 

transition matrix 𝑀(𝑖) for each sample 𝑥𝑖. To make the 

learning feasible and robust, the paper applies manifold 
regularization on the estimated noise matrices. Define a graph 

over the input samples where the weight between sample i and 

j is given by: 

 

    𝐴𝑖,𝑗 = exp [−
‖𝑥𝑖−𝑥𝑗‖

2

𝜎2 ]                                             (28) 

 

This graph reflects the closeness of the samples in feature 

space. Enforce that the estimated noise transition matrices for 

nearby samples should be similar. Specifically, add a penalty 

term: 

 

    ∑ 𝐴𝑖,𝑗 × ‖𝑀(𝑖) − 𝑀(𝑗)‖
𝐹

2

𝑖,𝑗                                         (29) 

 

This term makes certain that samples close in the feature 
space are nearly identical transition matrices, promoting 

smoothness and structure. The extended loss function 

becomes:        

𝐿𝑓𝑒𝑎𝑡−𝑛𝑜𝑖𝑠𝑒(𝑊, {𝑀(𝑖)}) =
1

𝑛2
∑ ℓ(𝑓(𝑊, 𝑥𝑖)

~, 𝑦𝑖; 𝑀(𝑖)) +
𝑛2
𝑖=1

𝜆 × 𝐶(𝑊, 𝑊0) + 𝛾 × ∑ 𝐴𝑖,𝑗 × ‖𝑀(𝑖) − 𝑀(𝑗)‖
𝐹

2

𝑖,𝑗           (30) 

 

Here, the first term is the loss corrected by the sample-

wise transition matrices. The second term confirms alignment 
with the prior model. The third term is the manifold 

regularizer for smoothness across the noise models. 𝜆 and 𝛾 

are hyperparameters controlling the balance between these 

objectives. The optimization now involves learning both the 

model weights W and the sample-wise matrices {𝑀𝑖}. Each 

update step is computed efficiently. For the transition 

matrices, a closed-form or projected gradient update is applied 

under the simplex constraint. Ambiguous text data leads to 

varying labels. Sensor readings near thresholds are 

misclassified more frequently. Such flexibility helps the 
model become more robust and improves generalization under 

difficult and dynamic conditions. It is clear that ALDN-D is 

computationally cheaper and easier to implement, but ALDN-

ID provides better adaptability to environments. Here, the 

relationship between inputs and outputs shifts. Practitioners 

choose the appropriate variant depending on the level of 

change and noise in the data. The comparative analysis 

between ALDN-D and ALDN-ID helps in choosing the 

implementation that best fits a given application or dataset. 

These resources are mainly valuable for implementation, 

research replication, or algorithmic extension. This makes it 
easier to communicate ALDN’s core concepts in presentations 

or applied machine learning contexts. 

 

4. Theoretical Analysis 
Theoretical Analysis: The purpose is to understand in 

what way a model trained on noisy data manages to 

generalize. Upper bounds are given on the expected error of 

the model trained in the current stage. The analysis focuses on 

the learning objective with the noise-corrected loss and a 

regularization term. Two types of regularization are studied: 

one that directly constrains the weights (ALDN-D) and 

another that constrains the predictions (ALDN-ID). The 

purpose is to show that even when labels are noisy and 

features are changed. The model trained using the ALDN 

framework still performs well if it is close to the clean prior 

model and the noise is not too bad. Before proving the main 
theorems, define important concepts used in the analysis. Let 

X ⊂  𝑅𝑑  be the input space and Y = {1,2,,,,,C} be the label 

space. Let S = {(𝑋𝑖 , 𝑋𝑖)}
𝑛

𝑖 = 1
be the training set with noisy 

labels. D be the underlying true distribution generating clean 

samples (x, y). Let W 𝜖 𝑅𝑑×𝑐 be a linear model. Let  f(W , 

x) 𝜖 𝑅𝑐 be the predicted scores for all classes. The predicted 

class is: 

 

         𝑦̂   = 𝑎𝑟𝑔𝑚𝑎𝑥𝑗∈[𝑐] 𝑓(𝑊, 𝑋)𝑗                                (31) 

 

The clean risk of a model W is defined as the expected 

loss on clean data: 
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       R(W) = 𝐸(𝑋,𝑌)~𝐷[ℓ(𝑓(𝑊, 𝑋), 𝑌)]                           (32) 
 

The empirical surrogate risk with corrected loss is: 

 

     R(W) = 
1

𝑛
 ∑ ℓ(𝑓(𝑊, 𝑋𝑖), ~𝑦𝑖; 𝑀)𝑛

𝑖=1                         (33) 
 

Here, ℓ is the noise-corrected loss using transition matrix 

M and 𝑦𝑖 is the noisy label. The purpose is to bound 𝑅(𝑊̂) −

𝑅(𝑊∗), the excess risk. Here, 𝑊̂ is the model learned from 

noisy data using ALDN. 𝑊∗ is the optimal model trained with 

clean labels. In ALDN, train a model 𝑊,̂ by minimizing a 

noise-corrected loss along with a regularization term that links 

it to the previous model: 

 

𝑊̂ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑊[
1

𝑛
∑

ℓ(𝑓(𝑊, 𝑥𝑖)
~, 𝑦𝑖; 𝑀) +

𝜆 × 𝐶𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦(𝑊, 𝑊0)]
𝑛
𝑖=1      (34) 

 

The reliability term encourages W to stay close to the 

prior model𝑊0 . It is mapped from the clean P-stage model. 

The assumption is that 𝑊0  contains useful knowledge and 

helps guide learning when the labels in the current stage are 

noisy. To analyze the generalization error of a learning model, 

use a mathematical tool named Rademacher complexity. This 

helps us measure the extent to which a model trained on a 

sample will perform on unseen data. In this lemma, we 

introduce the vector contraction inequality. It is used when the 

loss function outputs a vector instead of a scalar. Let Φ: 𝑅𝐶 ⟶
𝑅 is a Lipschitz function, as it does not change too fast. 

Suppose Φ has Lipschitz constant L, then for any class of 

vector-valued functions 𝐹 ⊆ 𝑅𝐶: 

 

 𝐸[𝑠𝑢𝑝𝑓∈𝐹 ∑
𝜎𝑖Φ(𝑓(𝑥𝑖))] ≤ √2𝐿 ×

𝐸[𝑠𝑢𝑝𝑓∈𝐹 ∑ ∑ 𝜎𝑖,𝑗𝑓𝑗(𝑥𝑖)]𝑐
𝑗=1

𝑛
𝑖=1

𝑛
𝑖=1            (35) 

 

Here, 𝜎𝑖, 𝜎𝑖,𝑗 are Rademacher variables with equal 

probability. The right-hand side involves summing over the 

individual components of the vector. This inequality helps us 

convert the complexity of a vector-valued function into the 

sum of scalar components, which is easier to analyze. This 
lemma gives a bound on the possible difference between the 

model’s empirical loss and its expected loss across all models 

in the hypothesis space. Let W be a class of weight matrices 

such that. ‖𝑊 − 𝑊0  ‖𝐹 ≤  𝜌 . All models in this class are 

within distance 𝜌 from the prior model 𝑊0  in Frobenius norm. 

Suppose the loss function  ℓ(𝑓(𝑊, 𝑋), 𝑌) is L-Lipschitz with 

respect to f(W, x), and predictions are computed using 

softmax. Then, with high probability for all W 𝜖 𝑊: 

 

  𝑅(𝑊) ≤ 𝑅(𝑊) + 2𝐿𝜌√
2𝐶𝑙𝑜𝑔(2𝑑)

𝑛
+ 3√

log (2
𝛿⁄ )

2𝑛
          (36) 

 

The theorem gives an upper bound on the expected clean 

risk of the model learned by ALDN-D, which uses a direct 

constraint on the model weights. Let 𝑊̂ be the model trained 

by minimizing: 

𝑊̂ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑊[𝑅(𝑊) + 𝜆‖𝑊 − 𝑊0‖𝐹
2                       (37) 

 

Let 𝑊∗ be the ideal model that minimizes clean risk: 

 

 𝑊∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑊𝑅(𝑊)                                                (38) 

 

Then, with high probability, bound the clean risk of 𝑊̂ as: 

 

(𝑊̂) ≤ 𝑅(𝑊∗) + 4𝐿𝜌√
2𝐶𝑙𝑜𝑔(2𝑑)

𝑛
+ 6√log(2

𝛿⁄ )

2𝑛
+ 2𝜆𝜌2      (39) 

 

The first term 𝑅(𝑊∗) is the best possible clean error. The 

second term depends on how close the model is to 𝑊0  and on 

model complexity. The third term reflects uncertainty due to 

finite data. The fourth term is a bias introduced by the 

regularization. This theorem shows that as long as the model  

𝑊̂ stays close to the prior 𝑊0 . It has enough training data; the 

clean risk is tightly controlled even when it is training on noisy 

labels. In the ALDN-ID method, the model does not directly 

constrain the weights. Instead, it focuses on constraining the 

predictions made by the model. This is done to provide more 

flexibility, especially when the feature space has changed a lot 

from the P-stage to the C-stage. The key concept is to keep the 
new model’s predictions close to the prior model’s 

predictions. The constant term used in this method is 
‖𝑋𝑊 − 𝑋𝑊0‖2,1. It measures the difference in output scores 

across all training samples. Here, X is the input data matrix, 

and W is the model being learned. 𝑊0  is the prior model 

derived from the P-stage. The objective function used in 

ALDN-ID is: 

 

  𝑊̂ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑊[𝑅(𝑊) + 𝜆‖𝑋𝑊 − 𝑋𝑊0‖2,1]            (40) 

 

This function combines the corrected empirical risk with 

a regularization term that penalizes prediction differences 

from the prior model. To analyze the model’s generalization, 

define a constraint set with the prediction difference from 𝑊0  

is at most 𝜌′. This set is written as: 

 

 𝐵 = {𝑊 ∈ 𝑅𝑑×𝑐 : ‖𝑋𝑊 − 𝑋𝑊0‖2,1 ≤ 𝜌′                    (41) 

 

Assuming the loss function is smooth, and predictions are 

bounded. Derive a risk bound for the learned model 𝑊̂. With 

high probability, the clean risk is bounded as follows: 

 

𝑅(𝑊̂) ≤ 𝑅(𝑊∗) + 4𝐿𝜌′√
2 log(2𝑑)

𝑛
+ 6√log(2

𝛿⁄ )

2𝑛
+ 2𝜆𝜌′        (42) 

 

Here, 𝑊∗ is the optimal model that minimizes the clean 

risk. L is the Lipschitz constant of the loss function. The term 

𝜌′ measures the extent to which the current model’s 

predictions deviate from the prior model. The flexibility of 

ALDN-ID makes it expressly useful when the feature space 
has changed, and it is harder to directly reuse weights from the 

prior model. ALDN-D enforces a direct constraint on the 
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weights. It tries to keep the learned model W very close to the 

prior model 𝑊0  in the parameter space. This approach is 

simple and effective when the feature spaces between the P-

stage and C-stage are very similar.  
 

It results in lower computational costs because it uses a 

standard Frobenius norm. On the other hand, ALDN-ID uses 

an indirect constraint by matching the model outputs instead 

of the weights. The regularization term ‖XW − XW0‖2,1 

allows for more flexibility because it only requires the 

predictions to be close, not the parameters. This is expressly 

helpful when new features are introduced or when some P-

stage features are missing. Both methods follow a general 

structure in the theoretical risk bounds: 

 

Clean Risk ≤ Optimal Risk + Complexity Term +
Regularization Bias               (43) 

 

In this structure, the optimal risk is the best possible 

performance on clean data. The confidence term decreases as 

more data is collected. The regularization bias increases when 

it pushes the model too close to the prior. ALDN-D is better 

when the data distribution remains stable, and the features are 

mostly unchanged. It is simpler and faster. ALDN-ID is more 

appropriate when large changes are expected in the feature 

space or prediction behavior. It is more adaptive but requires 

more computation and tuning. Both methods provide solid 
theoretical guarantees.  

 

5. Experiments 
This section evaluates the performance of the proposed 

methods, ALDN-D and ALDN-ID, through a wide range of 

experiments. Both synthetic datasets and real-world datasets 

are used to demonstrate the method’s robustness and 
adaptability. Sixteen datasets are collected in total to prepare 

the data for experiments. Fifteen datasets come from public 

sources, for instance, UCI and LIBSVM, and one real dataset, 

named RealDisp, is used for a practical task. The features of 

each dataset are split into three types: vanished features make 

up 45%, survived features account for 10% and new features 

take the remaining 45%. As a result, only a small portion of 

the features is shared between the two stages. This makes the 

problem more challenging and realistic.  

 
Compare this approach to a deep neural network-based 

method named FCR. This model requires access to both P-

stage and C-stage data and assumes enough training samples. 

Due to the small size of the C-stage data and large feature 

changes, the deep model does not perform well. ALDN-D and 

ALDN-ID maintain strong performance, demonstrating 

robustness in low-data environments. A feature-dependent 

noise version of the model, termed FDALDN-D and 
FDALDN-ID, is introduced. These are tested against an 

identified method named MEIDTM and against the original 

ALDN models.  

The results show that FDALDN-D and FDALDN-ID 

outperform MEIDTM in all six test datasets. Improvements 

are made upon the base ALDN methods in most cases. When 

the C-stage data is extremely limited, the extended models 

sometimes underperform due to the extra complexity. 

 
Finally, test the models in a real-world activity 

recognition task using the RealDisp dataset. This task involves 

sensors placed on different body parts. In practice, sensors 

move slightly or become unavailable, which changes the 

feature space. Label noise is common due to errors in human 

action labeling. Simulate this situation by using four sensors 
as vanished and new features, and one sensor as the surviving 

feature set.  

Table 1. Comparison of model capabilities in experiments 

Method 
Uses P-

stage? 

Handles 

Feature 

Change? 

Handles 

Noise? 

DLCEL-C No No Basic 

LSL-C No No Yes 

Cleanlab No No Yes 

SURF-ID / ID No 
Partially (only 

survived) 
No 

MF-SL Yes 
Yes (via 

completion) 
Yes 

CDSPP Yes Yes Yes 

ALDN-ID / 

ID 
No 

Yes(model 

reuse) 
Yes 

FDALDN-ID 
/ ID 

No Yes Yes 

 

In this task, ALDN-D and ALDN-ID once again 

outperform other methods. Higher accuracy is achieved. The 

label noise rate is estimated close to the true noise. This shows 

the methods are accurate. Noisy data is handled well. 

Adaptation to changing data in dynamic settings takes place. 

Table 1 summarizes the properties of each model tested in the 

experiments. It shows whether the model uses P-stage data, 

whether it handles dynamic features, and whether it accounts 

for label noise. 

From this table, ALDN-D and ALDN-ID are unique in 

handling both feature changes and label noise, without 
needing access to P-stage data during testing. FDALDN-D 

and FDALDN-ID improve this by modelling more complex, 

feature-dependent noise. Methods like SURF and Cleanlab 

lack either dynamic feature handling or model reuse. It 

explains the lower performance. Table 2 presents accuracy 

results from the real-world task using the RealDisp dataset. It 

includes the way each method estimated the actual noise level 

in the labels. 
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Table 2. Real-World activity recognition results under 30% label noise 

Method 
Accuracy 

(Mean) 

Estimated Noise 

Rate 

ALDN-D 83.2% 24% 

ALDN-ID 84.5% 29% 

SURF-D 74.6% -- 

Cleanlab 75.1% -- 

MEIDTM 72.3% -- 

FDALDN-D 85.1% 27% 

FDALDN-ID 85.3% 28% 

 

From this table, it is clear that the FDALDN versions of 

the model achieve the highest accuracy. Estimate the true 

noise rate (30%) very closely, demonstrating the effectiveness 
of modelling feature-dependent noise. The basic models like 

SURF-D and Cleanlab are not able to estimate noise and 

perform worse in accuracy. Figure 1 compares the accuracy of 

five different models across five datasets. For the WISDM 

dataset, ALDN-ID reaches the highest accuracy of around 

87%. At the same time, OPID records the lowest at 

approximately 74.5%.  

ALDN-D and Co-teaching perform well with values close 

to 85.5% and 80.5%, respectively. In the PAMAP2 dataset, 

both ALDN-D and ALDN-ID score nearly 90% with ALDN-

ID slightly ahead. Co-teaching performs moderately at around 

85.5%. While FESL and OPID trail at 83% and 81.5%, 
respectively. For the HAR dataset, ALDN-ID achieves the 

highest performance at nearly 93%. ALDN-D performs 

strongly at about 91%. Co-teaching, FESL, and OPID follow 

with approximate values of 88%, 86% and 85%. In the UCI1 

dataset, the accuracy drops across all models. ALDN-ID again 

leads with about 81%, followed by ALDN-D at 79%. Co-

teaching, FESL, and OPID lag behind with accuracies of 

approximately 75%, 73% and 71.5%, respectively. The UCI2 

dataset shows ALDN-ID as the best performer with an 

accuracy of around 85% followed closely by ALDN-D at 

84%. Co-teaching maintains a moderate level at 80%. FESL 

and OPID record lower values at 78.5% and 76%. ALDN-ID 
reliably outperforms the other methods across all datasets. 

OPID shows the lowest performance. The gap in accuracy 

between the best and worst models is most noticeable in the 

WISDM and UCI1 datasets. 

 

 
Fig. 1 Accuracy comparison across datasets 

 

 
Fig. 2 Accuracy versus noise rate 
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 Figure 2 presents the decrease in model accuracy as the 

noise rate increases from 0.2 to 0.5. The graph shows that 

higher noise rates lead to lower accuracy across all models. At 

a 0.2 noise rate, ALDN-ID reaches the highest accuracy at 

about 92% closely followed by ALDN-D at around 91%. Co-
teaching performs moderately with approximately 87%. FESL 

and OPID show lower values at 83% and 81%. When the noise 

rate increases to 0.3, ALDN-ID maintains a strong position 

with 89% accuracy. ALDN-D drops slightly to 88%. Co-

teaching stands at 84%, FESL drops to 80% and OPID follows 

with 78%. As the noise level continues to rise, all models 

experience additional drops in accuracy. At a 0.4 noise rate, 

ALDN-ID and ALDN-D still lead with about 86% and 85%. 

Co-teaching decreases to around 80%. At the same time, 

FESL and OPID go down to 76% and 73%. At the highest 

noise rate of 0.5, ALDN-ID records about 83%, and ALDN-D 

reaches 82%. Co-teaching drops to 75%, FESL to 70% and 
OPID falls to 68%. Despite the increasing noise, ALDN-ID 

and ALDN-D stay more robust than the other models. 

Figure 3 shows the accuracy of the two models changes 

as the regularization parameter λ increases from 0 to 10. At λ 

= 0, ALDN-ID reaches about 88% accuracy. At the same time, 

ALDN-D starts slightly lower at around 83%. As λ increases 

to 0.1, both models see a large jump. ALDN-ID peaks around 

92% and ALDN-D increases sharply to about 90%. When λ 

reaches 1, the accuracy of both models drops a bit. ALDN-ID 

falls to about 91% while ALDN-D comes down to 89%. As 

the regularization parameter continues to increase, both 
models show a gradual decline in accuracy. At λ = 5, ALDN-

ID stays ahead at around 88.5%. ALDN-D follows at about 

87%. Finally, at the highest value of λ = 10, ALDN-ID still 

leads with approximately 86.5%. ALDN-D drops to around 

85%. ALDN-ID constantly performs better than ALDN-D at 

every point. Both models are sensitive to changes in the 

regularization parameter, especially at the lower end. The best 

accuracy for both is observed between λ = 0.1 and λ = 1, after 

which performance steadily decreases. 

 
Fig. 3 Accuracy versus regularization parameter 

 

Figure 4 illustrates the progression of model accuracy 

over 10 iterations. At iteration 1, FDAALDN-ID performs 

best with nearly 74% accuracy. FDAALDN-D and ALDN-ID 

follow closely at around 72%. At the same time, ALDN-D 
starts just behind them. Cleanlab begins near 69% and both 

SURF-D and MEIDTM show the lowest initial accuracy, 

close to 65%. As training continues, all models gradually 

improve. By iteration 5, FDAALDN-ID and FDAALDN-D 

both rise above 85%. ALDN-ID and ALDN-D make strong 

progress, reaching just below 85%. The other three models 

show smaller gains, with Cleanlab approaching 78% and the 

rest staying just under that. By the final iteration, FDAALDN-

ID peaks above 91% accuracy, maintaining the lead 

throughout. FDAALDN-D follows closely with around 90%. 

ALDN-ID and ALDN-D stay competitive, both nearing 89%. 

Cleanlab finishes with nearly 80% accuracy. SURF-D and 
MEIDTM end a bit lower. Models using the FDAALDN 

architecture show the greatest and most steady improvement. 

ALDN-based methods show strong upward trends. Cleanlab, 

SURF-D, and MEIDTM show moderate improvement but 

remain significantly behind the others by the end. 

 
Fig. 4 Convergence curve: Iteration versus accuracy 
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Figure 5 compares the accuracy of different methods 

under three types of noise: class-dependent, instance-

dependent, and feature-dependent. There are seven methods 

shown: ALDN-D, ALDN-ID, Cleanlab, SURF-D, MEIDTM, 

FDALDN-D, and FDALDN-ID. Under class-dependent 
noise, FDALDN-ID achieves the highest accuracy at around 

93% followed closely by FDALDN-D at about 91%. ALDN-

ID and ALDN-D perform well, reaching around 90% and 89% 

respectively. Cleanlab, SURF-D, and MEIDTM show lower 

performance with accuracies of about 84%, 81% and 79% 

respectively. In the instance-dependent setting, FDALDN-ID 

again shows the best performance at about 91%. It is followed 

by FDALDN-D with close to 89%. ALDN-ID and ALDN-D 

show slightly lower accuracies of around 89% and 87%. 

Cleanlab drops again to about 82%. SURF-D and MEIDTM 

fall to 78% and 76%. For feature-dependent noise, FDALDN-
ID remains the top performer with roughly 90% accuracy. 

FDALDN-D and ALDN-ID follow scoring around 87% and 

86%. ALDN-D drops to about 85%. Cleanlab goes down to 

79%. SURF-D and MEIDTM perform the worst in this case. 

It reaches only around 75% and 72%. FDALDN-ID shows the 

most reliable and highest accuracy across all noise types. 

 
Fig. 5 Accuracy comparison under different noise types 

 

 
Fig. 6 Empirical risk versus epoch 
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Figure 6 presents the change in empirical risk across 10 

training epochs for three models. The graph shows a steady 

reduction in loss as training progresses. At epoch 1, Cleanlab 

begins with the highest empirical risk around 0.71. ALDN-D 

starts at about 0.66. ALDN-ID is slightly better at 0.64. As 
training continues, all models reduce the risk values. By epoch 

5, ALDN-ID has dropped to around 0.28. ALDN-D is close at 

0.31, and Cleanlab is higher at approximately 0.42. This 

shows that both ALDN models learn faster and manage risk 

better than Cleanlab in the early stages. From epochs 6 to 10, 

ALDN-ID continues to improve. It ends with the lowest 

empirical risk of around 0.17. ALDN-D finishes at about 0.19. 

Cleanlab reduces its risk more slowly and finishes at around 

0.31. The performance gap between Cleanlab and the other 

two models becomes wider as training progresses. These 

results suggest that ALDN-ID reduces empirical risk the most. 

ALDN-D comes next in performance. Cleanlab shows the 

least efficiency among the three models. 

Figure 7 shows the relationship between the 

generalization bound and sample size for five methods. As the 

sample size increases from 100 to 2000, the generalization 

bound decreases for all methods. At the smallest sample size, 

MEIDTM has the highest bound near 2.9. ALDN-ID and 

ALDN-D are much lower, around 1.9 and 2.0. SURF-D and 

Cleanlab fall in between. ALDN-ID and ALDN-D generalize 

better even with fewer samples. As the sample size grows 

beyond 1000, the gap between the methods becomes clearer. 

ALDN-ID continues to maintain the lowest generalization 
bound, dropping close to 0.45. ALDN-D performs well and 

stays slightly above ALDN-ID. Cleanlab and SURF-D show 

higher values around 0.7 and 0.8, respectively. MEIDTM 

remains the highest, around 0.9, even with the largest sample 

size. The graph shows that ALDN-ID has the best 

generalization performance across all sample sizes, followed 

by ALDN-D. Cleanlab, SURF-D, and MEIDTM generalize 

less effectively, especially when data is limited. 

 

 
Fig. 7 Generalization bound versus sample size 

Figure 8 compares the transferability scores of seven 

models. FDALDN-ID achieves the highest score at 0.25, 

followed closely by FDALDN-D at 0.22. These two models 

clearly show better ability to transfer learned knowledge to 

new tasks. ALDN-ID comes next with a score of 0.18. While 
ALDN-D follows with 0.15, this shows that the ALDN 

versions handle transfer learning reasonably well, though not 

as strongly as the FDALDN models. On the lower side, 

MEIDTM reaches a score of only 0.09. Cleanlab performs 

slightly worse with a score near 0.07. SURF-D has the lowest 

transferability score at 0.05.  

These three models show weaker transfer performance. 

Models with the FDALDN structure are most effective at 

transferring knowledge. While SURF-D, Cleanlab, and 

MEIDTM lag behind. There is a large difference between the 

FDALDN models and the others. This shows that feature-

dependent adaptation is useful. It helps the model generalize 
better to new tasks. The FDALDN models probably capture 

more transferable patterns by focusing on both features and 

noise types. ALDN models, while simpler, still outperform 

traditional reference methods. Lower scores in SURF-D and 

Cleanlab reflect limited flexibility. 

 
Fig. 8 Model transferability across methods 
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show more sensitivity, ending at 70%, 68% and 67% 

respectively. This proves that FDALDN models are more 

resistant to feature loss. Traditional models lose more 

accuracy as features are dropped. FDALDN-ID maintains the 

best performance throughout, showing its ability to handle 

missing or noisy data well. 

 
Fig. 9 Accuracy versus feature dropout rate 

 

 
Fig. 10 Noise estimation accuracy 

 

Figure 10 presents a comparison of four models based on 
the accuracy of noise rate estimation in the data. The graph 
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maintaining a close match with the true noise rate, especially 
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slightly underestimates noise. The steady gap seen in 
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noise levels. FDALDN-ID demonstrates the most stable and 

precise noise estimation behaviour in this comparison. 
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Fig. 11 Sample-Wise confidence curves 

 

 
Fig. 12 Training loss curve 

 

Figure 11 shows the confidence levels of different models 

in predictions. The graph displays softmax scores across 

sorted sample indices. Four models are compared: ALDN-D, 

ALDN-ID, Cleanlab, and FDALDN-ID. Across all samples, 
the FDALDN-ID model shows the highest confidence values 
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all models agree more on higher-confidence predictions. 
Cleanlab lags behind the others, showing that it might be more 

uncertain in its outputs. ALDN-ID and ALDN-D perform 

similarly, but FDALDN-ID is slightly better. The pattern stays 

constant for FDALDN-ID. It shows higher confidence overall. 

It is more stable across all samples. This makes it more reliable 

when model certainty is important. 
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The Figure 12 displays the training loss across 10 epochs 

for four models. From the first epoch, FDALDN-ID begins 

with the lowest loss around 1.0. It steadily decreases to 

approximately 0.32 by the 10th epoch. ALDN-ID starts just 

above 1.1 and follows a similar downward trend. It finishes 
slightly above FDALDN-ID. ALDN-D starts around 1.2 and 

ends near 0.37, showing steady improvement but slightly 

behind the ID version. Cleanlab starts at around 1.4 and 

finishes at the highest loss level too, ending around 0.64. 

FDALDN-ID shows better optimization during training. It 

reduces loss more quickly. The reduction is more stable than 

the other models. By the fifth epoch, FDALDN-ID has already 

crossed below the 0.5 loss mark. ALDN-D and ALDN-ID 

hover just above it. Cleanlab stays much higher, reflecting 

slower convergence and potentially less effective learning. 

The pattern across all epochs highlights FDALDN-ID’s 

advantage in managing loss during training. This performance 
gap suggests that FDALDN-ID uses more advanced learning 

methods. These methods lead to better training stability. The 

approach improves efficiency compared to the other models. 

6. Conclusion  
In this paper, a new problem in machine learning is 

studied. The problem is to learn from data when features 
change, and labels are noisy. This is a very real situation in 

many practical tasks. For example, in sensor-based 

recognition, some sensors stop working or are replaced. This 

causes the features to change. At the same time, less reliable 

data leads to wrong labels. To solve this, a new algorithm, 

ALDN, is proposed. The key impression is to reuse a model 
trained on earlier, clean data. This older model is mapped into 

the current feature space using a method of optimal transport. 

This mapped model is termed the prior model.  

The prior model is not trained again but reused. It helps 

with two things. First, it helps estimate the noise in the labels. 

Second, it helps guide the training of the new model. A 

regularizer is used to make sure the new model stays close to 

the prior model. This gives more stability and better results. 

There are two versions of the method. One is ALDN-D, which 

uses direct constraints. The other is ALDN-ID that uses 

indirect constraints. Both provide strong theoretical 

guarantees. The method works well in practice. In all 
experiments, the proposed method outperformed other 

baseline methods. It was specifically useful when the training 

data was small and the features were not stable. ALDN is 

extended to handle more complex noise. This version is 

termed as FDALDN. It deals with feature-dependent noise, 

which is harder to manage.
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