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ABSTRACT : The proposed research work on the
topic Infinite Impulse Response “IIR Structure and
Its  Application” is  basically  state space
representation for the digital filter of different form
obtained from analog filter and transformation to
digital one. In the normal course of analysis the
digital filter transfer function are realized in
different forms using time delay elements and
multipliers.

This realization can be eased if digital
filter are represented in state space techniques
opening a new field for computation analysis. This
aspect has been incorporated in the proposed
research work things outlining the introduction of
IIR filter and different structure including ladder
and wave structure realization, state space
description of IR filter is presented in detail
including the normal form which has complex
structure but simple form of state equation.

IIR filter design is based on state space
technique using Lattice structure. The generalized
technique of state space equation realized from
general form of digital filter transfer function has
been developed then the technique is demonstrated
using differential form of various filter like LPF,
HPF and BPF for the required order of analog
filters. Statistical analysis of digital filter like
round off error and dynamic scaling has been
incorporated, where the two direct computes have
been lumped together in the common state space
representation. Autocorrelation and uncorrelation
between noise and input samples gives round off
noise and dynamic scaling give expression for the
factor forms, round off error and dynamic range.
This aspect on statistical analysis of digital filter
has opened a new field for research.

Keywords —correlation,  filter  realization,
Infinite Impulse Response, ladder, lattice, noise,
wave.

1 INTRODUCTION

Digital filter got its significance when it was
discovered as less complex filter circuit with great
flexibility compared to that of analog filter. Digital
filter has less complex structure. Also simple
alternation of its coefficients can change cut off
frequencies of a designed filter as per requirement.
This flexibility does not hold for analog filter.

Digital filter has two basic structure namely

1. FIRand

2. IR
Among these IIR requires stores of large data due
to long stream of input required. However this can
be realized with linear phase character. IIR filter
has recursive in nature which is capable of
generating outputs for inputs recursively. These
have comparatively less complicated structure.

IIR filter can be converted to algebraic
form in discrete time domain. This has opened in
new chapter in digital filter designed as state
variable approach. This aspect of filter design
forms the basis for proposed thesis. This approach
is used for various structures of digital filter like
direct structure, cascade and parallel structure etc.

Round off noise and dynamic range are
two important aspects in filter design. These can
also be incorporated in state variable approach.

The proposed thesis begins with brief
study of IIR digital filter structures like direct
realization, cascade realization, ladder realization
and some other structures as well.

State variable output in digital filter design
has been described for all the structure discussed
together with state variable approach for IIR filter
which are complex in nature. This approach has
been developed for all forms of filter discussed
earlier. Lattice structure is also discussed here. This
structure gives very complex filter. A band pass
digital filter has been designed as an illustration of
state space techniques at the end.

Digital filter designed remains incomplete
without analysis of round of noise and dynamic
range of this filter coefficient. These problems are
discussed as noise by various authors [4-6]. This
aspect of digital filter design has been incorporated
in state variable approach. In normal method of
filter design these two aspects of noise are analyzed
separately but in state variable approach both are
lumped in the state equation for filter.
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2 INFINITE IMPULSE RESPONSE (1IR)
DIGITAL FILTER

A digital filter (DFT) selects the required
frequency components in a given discrete Signal
and rejects the unwanted frequency. Its output is
also discrete signal with selected frequency
components. Thus a digital filter has input and
output signals bath discrete in nature (fig. 2.1)

—»  DFT

x(nT) yﬁT)

Fig. 2.1

A time invariant digital filter has internal
parameters not varying with time. For initial
relaxed such system filter will have input and
output relationship as

R x(nT — KT) = y(n"T-KT) .....(2.1)

For all possible excitation where R denotes filter
operation and for initially relaxed system

X(nT)=y(nT)=0foralln<0

A digital filter characterized as

y(nT) = R [x(nT)] = 2nT x(nT)

is not time invariant as

R [x(nNT-KT)] = 2nT [X(N"T-KT)] # y(nT-KT)

A digital filter on the other hand characterized as

y(nT)=NR [x(nT)=12x(nT-T)+11x(nT—

represents time invariant digital filter.

On the similar steps properties of causality and
linearity can be defined for digital filter.

From equation (2.1) and (2.2) It can be seen that
digital filter can be realized with delay blocks. Unit
limit time delay refers to one sampling time delay
or some time called one clock delay.

2.1 Characterization of digital filter

Analog filters are characterized in terms of
differential equation. Digital filters on the other
hand are characterized by difference equation. Two
types of digital filter can be identified as 1)
Recursive and  2) Non recursive

2.1.1 Recursive digital filter

In this digital filter output at any instant of time
depends on present and past inputs as well as on

past outputs. General from of equation for such
filter can be expressed as

y(nT) = iaix(nT —iT) —ibi y(nT —iT)
n(2.3)

Such equation can be used to generate outputs from
present input and past records of input/output.
Evidently such systems have to be system with
memory. Simulation of such filter will have delay
blocks in the feedback path as well. Simulation of
equation 2.3 can be expressed in block diagram as
in Fig 2.2

2.1.2 Non Recursive filter
Such filter response does not require records of

past output. Evidently its output will be linear
combination of present and past inputs only as

[y(nT): iZ:):aix(nT - iT)}

This will denote N™ order digital filter It will have
only feed forward path. This can be seen from
simulation of equation 2.4 in block diagram in fig.
2.3

y(nT)

Figz.2

+ (0T}

\ Fig23

2.2 Units impulse response of a digital filter

Digital filter response to unit input can be obtained
from Z-transform techniques since filter transfer
function is in z domain as

ey R EeD) Y@
ZlxinT] Xz

ISSN: 2348 — 8379

www.internationaljournalssrg.org




SSRG International Journal of Electrical and Electronics Engineering (SSRG-1JEEE) — volume 2 Issue 1 Jan 2015

Z  Where denotes z
transformation
For unit impulse input
d(nT)=1 forn=0
= 0
elsewhere ........... (2.6)

It’s z-transform is unity.i.e. X(z) = 1
Response of filter then becomes
Y(2) =H(z)
Thus unit impulse response will be simply Z* of
transfer function of H(z) as h(nT)

As an illustration

2-z7+1
H@z) =
(2= p)(z-p,)
........ (2.8)
Will give impulse response after partial fraction for
H(z
H@
z

h(n): 1 6(n)+(p12_p1+1)(pl)n+(p22_p2+1)(p2)n
P P2 pl(p1_p2) pZ(pZ_pl)

2.3 Digital filter realization

For this realization unit time’s delay in time
domain is represented as Z* in Z domain. This
concept is used in digital filter realization. Digital
filter realization techniques can be classified
according to its structure as

1. Direct 2. Direct canonic 3. Cascade
4. Prallel 5. Ladder 6. Wave structure.

2.3.1 Direct realization

This realization directly implement the filter

transfer function H(z) in z-domain. This can be

seen from fig 2.2 and fig. 2.3

As simple demonstration example

H(z) = a,+az' (2-
1+bz* +b,z?

10)

Can be considered whose direct realization is
obtained from

_¥iz) a, +alz_1

i - B ThE
= e Tra b2

Which gives

¥(z) = aX(z) +az Kz — bz " K(z) — bz Y (2)
..(2.11)

This gives structure for direct realization as in Fig.
2.4

2.3.2 Direct Canonic form

Direct realization is said to be canonic if number of
delay elements is equal to the order of transfer
function. In fig. 2.4 number of delay used for
numerator is one which for denominator is two
confirming the order of numerator and denominator
of polynomial of order 2.

2.3.3 Cascade structure

This structure is called simplest structure for high
order transfer function of digital filter. In this
realization high order digital filter transfer function
is factorized into first and second order section.
Then each such section is realized separately for
their cascade connection. Transfer function H(z) of
high order is expressed into M cascade section as

H(2)=T1H, (@)
e211)

where
a.+a.z*+a,z?
H ; (Z) — oi all — 2|72
1+b;z7 +b,z
cenn(2.12)

This gives i'th section as

Y (2) =a, X (2) +a, 2 X (2) + a2 2 X (2) —b,z 'Y (2) —b, 272Y (2)
.....(2.13)

This gives realization structure as in fig. 2.5
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N, (z) m,m,m,z° +(m, +m,)z
D,(z) mmm,mz*+(m,m,+m,m, +m,m)z*+1

¥() H,(2) =

In Continued fraction form

1
Hl(z): 1
mz+
m,z+
m,z +
Xiz) Y(2) 3 m,z
O AN S N e (2.16)
K
(D
D,(2)
cn(2.17)
Where K is integer having highest value

Fig. 2.3 N N
— Or <—, thus
2 2

Filter section in Cascaded structure.
(D)X = {+1 for K =1,4,589,..........

2.3.4 Parallel realization —1 for K =2,3,6,7,............

In this realization transfer function H(Z) in Consider for examp|e a transfer function

expressed as summation of several (M sections)

H(z) as 102(~3.517 + 0.665z + 0.6652° —3.5177°)
H(z) =

y 1-3.2662 +3.739z° —1.532°
H(z)=> H(2)
i=1

......... (2-14) for ladder structure realization, in this H(z) both
numerator and denominator have same highest
It’s structure is shown in fig. 2.6 order of z. A constant is therefore taken out to

reduce highest part of z in numerator that is,
2.3.5 Ladder realization
(—0.0582+0.0817z —0.079322)

H (z) = 0.2299 +
(2) (1—3.2662 +3.7392% —1.537°)

In these techniques continued fraction can be used
to realize this structure. Transfer function H(z) can
be written as

Expressing numerator N(z) :Zaiz‘
riz) _ i
iz

Hy= 2@ .
1+ H iz) gives a, = —0.0582, a; = 0.0817, a, =-0.0723

Again expressing N(z) = Zdi n,(z)
Then Y(2) + Y(2) Hi(2) = X(2) Ha(2) i

Gives
=_ nl(z) =-1
Y(Z) Y(Z) Hl(z) + X(Z) HZ(Z) nz(Z) - —(Clz+1)
=YY (2) Hy(2) + X(2) Halz
215 (2) Hu(2) + X(2) Ha(2) 0a(2) = C1CoZCz+1
1-3.266z +3.739z%* —-1.537°
Transfer function H,(z) will be of the form, H,(2)
1+H,(2)

Denominator
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1-3.266z +3.7392% -1.53z7

2
= (L537° + 3.2662) {1_ q 143739z }

532° +3.2662)

(3.73922 +1)

H,(z)=-
1@ (1.53z° + 3.2662)

1
—1.309z +

—0.4092z +

1
—2.8562

Thus m, =c¢, =—-0.4092, m, =c, =—-1.309
and m, =c, =—2.856
Here N = 3 then
Ni(z) =-1
Ny(z) = (c1z+1)
No(z) = €1C,Z° + Cpz+1
Coefficients dy, d, and d3 are given by

(cc,) 0 O |d, a,
1 -1 1]|d, o
dy=2 . —00793 _ 44
c,c, 0.4092x1.309
d, :@ —_0.274,d,=d,—d, —a, =0.184
1

With evaluation of these coefficient the ladder
structure can be drawn as shown in fig 2.7

Fig. 2-6  Parllel realization

Il
w

g
d + #z)

—

9

bomd

Bl

DA

|
B
+

Fig 2.7 Ladder Realization (I =3)
2.3.6 Wave realization

Wave filter in case of analog signal use resonant
cavity represented by equivalent LC tuned circuit.
If these elements could be simulated through digital
circuits then the along wave filter becomes digital
wave filter for this purpose bilinear transformation.

(1)

will be very useful.

Detailed analysis of this structure will be taken in
next chapter. Where conversion table will be
established as in table 2.1 these digital filter
structures are derived from state space analysis of
digital filter described in detail in next unit.

Element E Eestructure
A
it R o
L T A o
T o
E o
2L Ao -1
L - o—e

Table 2.1  Conversion Table for wawe filter
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3 STATE DESCRIPTIONOF I I RFILTER

IR filter called recursive filter can be represented
by recursive difference equations. These equation
together form state equation in matrix form. This
form of IIR filter is derived from generalized form
of filter transfer function as

Hz) = Y(2) _ izz(;aiz_
X(2) 1+Zbiz‘I

3.1 State equation derivation

IR filter transfer function in (3.1) can be expressed
as linear difference equation of high order (Nth
order) as

y(n) = iai x(n—i)—ibiy(n—i)

Where delay i denotes i’th sample period delay (=
iT)

Equation (3.1) can be expressed in cascaded form
as

Y(2) = X(2) [iaizi}Nl
P

If first block has the response v(n) as shown in fig
31

T(n)
Fl Fg
x(n) y(n)

Fig 31 Cascaded form

Then, v(n) = iaix(n —1)

.(3.3)
and y(n) =v(n)— Zbi y(n—i)

Now assume that x(n) is applied directly to F, then
response y'(n) is given by

y'(n) =x(n) - Zbi y'(n—i)

With variable xi(n), Xx(n), ............... xn(N)
defined as

xy(n) =y’ (n-N)

Then state equations can be expressed as

X; (n+1) =y (n—N+1) = x»(n)

and finally

Xn(n+1) = y'(n) = x(n) — by y'(n-1) —b, y'(n-2)
............... b YH(N-N)
= X(n) — b]_ XN(n) 7b2 XN,l(n) ......... ble(n)

They can be expressed in matrix form

[(x@) [0 1 0o ... Ol @] [0 ]
X2 (nt1) 0 0 1 | Je— 0| [xon) [ +] O
X2 (ntl) =0 0 1 0 s 0| [x2(n) 0

| X (11+i —_b): bt s —ﬂ i.\'(nl _x(ﬂ

Now response y(nT) from F, block due to input
V(n) is given by,

() =Y (1) = R, > ax(n—i)
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- ZN:aiinzx(n—i)

Where R, is filter operation from block F,. Using
(3.5) to (3.7) equation (3.12) becomes

y(n) = a, x(n) + cxy(n) + .......... + cn Xy (n)

Where, ¢;=ay— a.by
Cp = An-1 — Agbng
(ONEI- V- A W (3.14)

Then complete response is given by

v =[X11e] e (3.15)

Thus a digital filter in general can be characterized
by state and input equations as

X(n+1)=AXM)+Bymn) ... (3.16)
Y(nN)=CX(M)+Dx(n) .......... (3.17)
Where X (n) = [Xygy.ovvve.n xn(n)]"

A is state matrix
B is input vector for single input x(n)

C is output matrix in terms of constant C;, C,

D is input vector for output equation.
As an illustration a digital filter characterized by

y(n) = 1.5 x(n) + 2x(n) + 0.5 x (n-2) -0.5y(n-1) +
0.25 y(n-2)

Gives state space representation with

laas sl o[} ol
=H

NS
_%I

3.2 Direct form realization from state space
representation

Output y(n) can be expressed in terms of state
variables as

y(n) =ayn Xl(n) + an_1 Xz(n) + o +3.1XN(n) +

aXn(n+1) .....(3.18)

Xn (n+l) = _bN Xl(n) _bN—l Xz(ll) ....... —bl XN(n) +
x(n)...(3.19)

These two equations give direct form of filter
realization as shown in Fig 3.2 This is in canonic
form due to number of delays equal to order of
filter transfer function.

3.3 Cascaded form

In this form each block is second order or first
order filter with state equation of the form

X1(n+1) = Xp(Nn)

Xo(n+1) = —b, X1(n) — byxa(n) + x(n)
output equation is of the form

y(n) = apXy(n) + a;Xa(n) +apXa(n+1)

These equations give filter block diagram for each
section as shown in fig. 3.3

x(n) /J:\ 1 ag

y()

x1(n)

Fig 3.3 Filter block diagram for each

. casdade section

3.4 Parallel form

In this form the denominator is factorized into
product of quadratic and first order expression of z
for the purpose of partial fraction and each section
is realized. The sum of these section outputs give
the final output (fig 3.4) Each factored block will
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have transfer  function of the form

() a,+az’ ceeernn(3.20)
X(z) 1l+bz'+b,z?

This can be realized in terms of state variable x;(n)
and x,(n) as

[xl(n +1)J:[o 1 Hxl(n)}[o}((n)

X, (n+1) —-b, —b || X%,(n) 1

Output equation then becomes

y(n) = a1xp(n) + aXx(n+1)

Substituting for x,(n+1) from (3.21) gives
y(n) = a;Xx(n) + as[—b2Xx1(N)—bsXa(n)+x(n)]
= (-a0b2) X1(n)+(a1-a0h1)X2(n) +a.x(n)

The circuit realization for the section is shown in
fig. 3.5

x(n) @ vy

Yu(n)
Fig 3.4 Parallel Realization

v

Fig 3.5 one section of
Parallel realization

3.5 Normal form

In partial fraction form transfer function H(z) can
be expressed as

N a,
H(Z) do +Z:l:m

Where do, ; are constant while 2; may be complex
as

A = o+jo or in conjugate form

Consider two conjugate terms in summation with
complex conjugate poles as

e
i
1-A 1-4

Suppose response to transfer function is

2-4
X1+jX2

. a, . ; .
while for 2 is X, — JX, then for input ‘x’ the

two terms together gives

-1 -1

oz _ Xt ix, and %22 _ X X,
1-A4z27 X 1-4z7 X

Substituting for 4, = o — j@ above responses are
expressed as

a2 X = [1— 27 (o - jco)](x1 + jX,)

or

X + X, =2 X+ 27 (o — jo) (X + jX,)
after simplification it becomes

Hiz'X =X + jXo — 21 (X0 + 0xp) —  27%j(Xo0—
0x1)  o(3.24)

Similarly for conjugate response

Ho 2% = Xq — jXo — 270 (X460 + 0X5) —Zj(Xo0— @x1)

Adding them and on simplification
= (HitH)z X+ 2 ' xio -zt oxp oo (3.26)
In time domain it becomes

X1(n+1) = (H1+Hy) x(n) + ox1(n) + @xz(n)

Similarly subtracting (3.26) from (3.25) gives

X (n+1) = (H1—Hy) x(n) + ox,(n) — x4(n)

Suppose response to two sections is Y(z) then
Y2) o " a,
X(2) -4 -4

_ o, X(2) n a,X(2)

2=Ay 1A

Then y(n) = Hy [xy(n) + jx2(n)] + Ha [X1(n)—jx2(n)]

Oor Y (2)
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= (Hi+H2) x4(n) + j(H1—Hz) X2(n)
Or, y(n) = c1x5(n) + C2X%2(N)
Equation (3.27) to (3.29) gives the normal form of
digital filter realization.

State and output equation in matrix form becomes.

x(N+D) | |o o | %(n) b, X(n)
,(+D)| |—o o|xm]| |b,

.(3.30)
and
X (n)
y(n) = [Cl C2:1:X2 (n)}
............. (3.31)

Normal form realization gives structure of the form
shown in fig. 3.6

With this concept of state space techniques for 1IR
filter structure realization next chapter is dedicated
to IR filter design.

4 1IR FILTER DESIGN STATE SPACE
TECHNIQUES

State space techniques for IIR filter realization was
discussed in previous chapter. The same approach
can be extended to filter design. Standard method
of IIR filter design is lattice filter which has many
advantages.

Digital lattice filter plays an important role
in finite word length problems. Some of the major
obstacles in realizing a digital lattice filter are the
efficient use of hardware and an efficient method
for directly transforming a Direct Il structure into
corresponding lattice or ladder structure.

4.1 General solution to problem of realizing lattice
structure

Gray and Marked [8] have considered a more
general solution to problem of realizing lattice
structure. It is canonic both in multiplies and
delays. Lattice structure for all pole system
Transfer function
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H(z) = —_——
1+ ZaN (kK)z™*

(4.1)
can be realized in the following steps.

Difference equation for (4.1) becomes

v =~ () y(n—K) + x(n)

This gives

N
x(n) =y(m) + D_ary (K) y(n—k)
k=1

For N = 1(single pole)
x(n) =y(n) +ay(1) y(n-1)

......... 4.4

This can be realized in lattice structure with
x(n) = fi(n)
.......... 4.5)

y(n) = fo(n)= fu(n)—ky go(n-1)
=x(n) — k1 y(n-1)

g1(n)= Kafs(n)+ go(n-1)
=k; y(n) +y(n-1)

(4.5) to (4.7) give single stage all pole lattice filters
as shown in fig. 4.1

ForN=2
x(n) = fo(n)
y(n) = x(n) —ax(1) y(n-1)-a,(2) y(n-2)
so
fb(n)=x(n) ... (4.8)

f(n) = f,(n) — koQ1(n-1).....(4.9)
92(n) = kofo(n) + ga(n-1) .....(4.10)
fo(n) = fi(n) —kigo(n-1)  ....(4.11)
g1(n) = kefo(N)+go(n-1) ....(4.12)
Yo(n)= fo(n) = go(n)
=f,(n) — kuGo(n—1) .(4.13)

(4.8) to (4.13) gives two stage lattice structure

shown in fig. 4.2

Page 23




SSRG International Journal of Electrical and Electronics Engineering (SSRG-1JEEE) — volume 2 Issue 1 Jan 2015

2i(n) 1 Olemmimes 0] Je@ | [0 0-—0][R@1) ]
z(n) /_l‘_\ yin) £.n) ) | = 0% 71 Dol 0 ai(n) 0 ky 0--—-0|| fi(n-1)
filn ?
i) 00 1----0 +0 0 ky-me0
Iy
_k-l
+ o g.(n) | v | _0 0 0----1] |exa@) [0 0 0 -—-ky|| fxu(n-1)|
g

. . ) output equation is given by
Fig 4.1 Single stage all pole lattice filter

yn) =f()=gon) o (4.22)

On expansion of recursive equation and comparing
) with the all pass expressions

For N = 2 which gives

y(n)=z(n) — ax(1) y(n-1)-a(2) y(n-2)

And from recursive equations (4.9) to (4.12)

y(n) = x(n) — kg (1+kg) y(n-1) —k; y(n-

Fig 4.2 Two stage lattice all pole filter

For N — stage IIR lattice structure

Comparison of (4.23) and (4.24) gives
B =X() (4.14) P (4.23) and (4.24) g

o a(N) = fn(0) — Ky Gna(N=1)...(4.15) 22 =le, (1) =l (L+ie),

a,(0)=0
gm (ﬂ) = I(m fm—l(n) + gm—l(n_l)---(4-16)

4.2 General form of state space matrix equation for
Form=N,N-1, ..........

’ IR filter
(4.14 to (4.16) for various m gives state equations IR filter in discrete form domain can be expressed
& in general form as
x(n) = fn(n) e (4.17) . \
() = f2(1) + K G2 (n-1)...(4.18) y(n) = ZO ax(n—1i) - ;bi y(n—i)

gm(n) = gma(n) + Ky () ....419 e
form=N. N-1 1 When sampling time T is incomplete for each
T e ’ sample instant i.

(4.18) and (4.19) gives state equation in matrix This filter f, can be decomposed into pair of

form as : .
cascade filter (fig4.2) as F1 & F»
f, 1L Qresens 0] [f@7] [k 0 0 -—0][z@1) 7]
1(n) () 1 Z(0-1) .
£@ [= |01 0-----0 fi(n) 0 ky 0--0|| gi(a-1) *eh
00 1 0 +0 0 k3-—0
D
e I — _—
o L] L™ |
Fig. 4.3
| £ | 100 0----1| |fu@| [0 0 0 —ky|| exi(o-1)]
..(4.20) v(n) is response of F; filter as operator

R, describes. as
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v(n) = Ry[x(n)]

N
= Zaix(n—i) e (4.26)
i=0

And output y(n) of F, is characterized with operator
R, as

W = ] =0 -3 h yn-i)

Let us assume x(n) to be applied directly as input to
F, then it’s response Y'(N) will be defined as

y'(n)= R,[x(n)] = x(n) _Zbi y'(n—i)

Let new variables qi(n), gx(n)... ..... ,gn(n) be
defined as

am = y'(n-N)

=y (nN—N+1)
= y'(n-N)

y'(n—N +1)=qgx(n)

This will give
d2(n+1)=qs3(n)
dn-2(n+1) =qn(n)

and

an(n+1)=y'(n) = x(n)-
b, y'(n—1) —b,y'(n—-2)......... byY'(n—N)

These equation give state space representation of
general IR filter as ...(4.27)

qu(n+1) 010----0 7q1(n)_ Mo ]
Q(n+1) 00 10---0 @) o
Y| RTINS 5 "
0
0
ax(n+1) (T 0b o
ax(@+1) ~bx bx-1---by ax() 1

x(n)
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Output equation can be expressed as

V@) =38, ] =, S x(n ) |
N . N )
=S am,Ixn-1=Yay(n-i)
i=0 i=0

N
or ym= Y ay'(n-i) ...@428
i=0
(3.29) to (3.31) output equation (4.28) can be re-

written as

Y(n) = agx(n)+cy qum) + .......... + e qn(n)

Where, c¢; =ay—a,by

Cp = an-1— 8 s

Cn = a1 — 8oy

Output equation in matrix form can be expressed,
as

[a,(n) |

q,(n)
+a, X(n)

Lan (M) ]

Thus for the Nth order IIR filter State space
representation can be written as

q (n-1) = A qe(n) + B x(n)

y(n) =Cq(n) + D x(n)

Where A, B, C and D are matrices.

And the N auxiliary variables q:(n), q»(n), .......
Qn(n) are called state variables. This state space
concept will be described for Low pass and High
pass IIR filter in next section

4.3 Low Pass Filter (LPF)

Consider second order Butterworth LPF whose
transfer function is given by

1

HE) = ——F——
s?++/25+1

e (431)
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Bilinear transformation

20-27
T@+zY)
It gives,
H(z) = 1
13\2 _
ATl
= @+z™)?

% Q-2 +2(-272)+ 1+ 2
1+2771+27
(TA'Z+ \/§+1)+(T82 +1)zl +(T42—x/§]zz

For simplicity let sampling time be normalized to
unity then discrete transfer function becomes

_ 1+2z+27°
H(z) = < -
6.414-7z2" +2.586 z
Or
Y@ _ (2) = 0.156+0.31z" +0.1562° (
X (2) 1-1.09z +0.4z272
4.32)

This gives difference equation of output as

y(n) = 0.156 x(n)+0.31 x(n—1)+0.156 x(h—
2)

+1.09 y(n-1)-0.4z

Comparing it with (4.25) coefficient become as
a,=0.156, a; =0.31, a, = 0.156
bl = 109, b2 =-04

then state equation become
el el e

d,(n+1) b, b [9,(n)] [1
Output equation become

y(n) = ax(n)+c1q:(n)+cx02(n)....(4.35)

where

Ci = a — agh, = 0.156 — 0.156 (-0.4) =
0.218

C;=a;—ab; =0.31-0.156 x 1.09 = 0.14

Solution of (4.34) and (4.35) together gives
solution in time domain for state variable g;(n) and
gz(n) and output y(n) for input x(n)

4.4 High Pass Filter (HPF)

In s — domain HPF is derived from LPF transfer
1

function by replacing s by —. Then second order
S

Butterworth HPF transfer function is obtained from
(4.3) as

2
H(s) = 1 _ S
[1}2 V2 s2++/25+1
—| +—+1
S S
Using bilinear transformation
2(1-z7"
s 202"
@+z)

Assuming T to be normalized to unity we get
discrete transfer function as

2
i)
4 1
H(z) = 1+1z
a2 i
VI [N/ P e S |
1+z 1+z
_ 4-877'+4z77°
(5+242) =627+ (5-242)7
_ 4-827'+477
7.828-62"1+22z7°
Y@ _ (2) = 0.51-1.02z+0.51z°°
X (2) 1-0.766z" +0.282°°

....(4.36)
This gives coefficient a,, a; a, etc as

3, =0.51,a,=-1.02,8,=0.15
b, =-0.766, b, = 0.28

This gives state equation as

ol s ol la e
g+ [b, b|[a] [1

and output equation as

y(n)= apx(n)~+c10s(n)~+c202(n)
...(438)

where,
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€1 = a; —-a,h,=0.15-0.51 x0.28
=0.007

C, = a; — aoh; =-1.02 — 0.51 x (-0.766) =
0.63

4.5 Band Pass filter (BPF)

Second order Butterworth LPF in s—domain gives
equivalent BPF by Quadratic transformation

s’ +w o,

s> e (4.39)

S(@, — @)
Whose ®, and o, are higher and lower cut off

frequencies; this gives transfer function for BPF is
s—domain as

He)=_ 1
s? +4/2s+1

s* + o,
s(w, — )

Sz(wh _w|)2
s+ x/E(a)h + )s® + (a),2 + a)ﬁ)s2 + x/Ea)la)h (0, - )5+ a)lzcoh2

For normalized centre frequency w, = 1 linear and
high frequency is assumed as w; = 0.4 and o, = 1.1
then BPF in (4.40) becomes

H(s)

0.04s°

s* +4/2x2s° +(0.81+1.21)s* + V2x0.9x1.1x0.25+0.81x1.21

0.04 s?

5% 4+2.835° +2.025% +0.285 + 0.98
..(4.41)

when converted to discrete with bilinear
transformation

2(1-z7Y

. (442)
1+zh

S—

becomes

1-7Y
0.4[1 71]
7
H(z) = i

o) A oV 1
16 77| 2283xg T2 | 120004 17| 4028xd 12
1+ 1+z 1+

A 1+27 !

on simplification it becomes

Y(z) 0.033-0.0033z 2 +0.0033z2™*

X(2) @ 1-2.1621+1.776272-0.332° +0.03852*
.(4.43)

This gives coefficient as

a, = 0.0033, a; = 0, a, = -0.0033, az= 0,
a, =0.0033

b, =-2.16, b, = 1.776, b3 = -0.33, b, =
0.0385

This gives state equation as

g+ | fo 1 0 01[g)] [0
Q(n+Di_jo 0 1 © d,(n) | +| 0 x(n)
d;(n+1)| [0 0 0 1 || gs(n) 0
q4(n+1) _bA_b3_b2_b1 qA(n) 1

and output equation becomes

ggzx(n)+c1q1(n)+czq2(n)+c3q3(n)+c4q4(n) ...... 4.4
Where ¢, = as—azb, = 0.00317

C, = az—ay,h; = 0.001

C3 = a,-ay,h, = 0.009

C4 = a;—ayh, = 0.007
Then (4.45) becomes

y(n) = 0.0033 x(n) + 0.00317 g4(n) + 0.0011
g2(n)+0.009 gs(n) +0.007q4(n)

=10°[3.33

On the same procedure bond stop filter can be
designed in terms of state equations.

State equation approach of filter design gives real
time solution for the filter. This method requires
solution of state matrix equation whose order
increases with the order of filter.

In matrix equation solution coefficient
may have wide spread values then quantization is
required beyond a finite decimal places. It’s may
affect filter response to some extent.
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5 STATE SPACE METHOD FOR ANALYSIS
OF ROUND OFF ERROR &
SCALING

Digital filters designed in the frequency
domain from well established techniques for analog
filter. This designed filter when implemented on a
general purpose computer, the word length is
generally fixed. One is interested in estimation of
accuracy of filter operation with this word length.
This estimation of optimum word length helps in
hardware implementation.

Specific sources of quantization error in
the implementation and operation of digital filter
are

a. The filter coefficient: These real number must
be
quantized to some finite number of binary bits.

b. The input samples: these real or complex
numbers must be quantized to a finite number
of binary digits before being introduced into
filter.

c. The results of the multiplication of input
data by coefficient within the filter: these
must be truncated or rounded off to a specific
number of bits.

Input quantization error is integrant in any system
where A/D conversion takes place. The error due to
quantization of the filter coefficient is deterministic
and can be analyzed on the basis set up by
designer. The third (3) source of error is called
round off noise and complex in nature.

5.1 Round off noise in multiplication of input data

with coefficient

This error is dependent on filter architecture: This
affects word length requirements for the coefficient
quantization and operating characteristic such as
the round off noise. This requires selection of
optimum filter architecture for achieving minimum
word length requirement. This should posses low
coefficient sensitivity and a high immunity to
round-off error at the output.

If signal through the filter architecture is
much larger than Q, the quantization step size
(reference level for quantization of sampled signal).
Few assumptions can be made such as

Ele (n) ej(n+k)]:(1?—22, fori=j

This shown auto correlation to be constant and
gives noise characteristic as,

E[e;(n) e;(n+k)]=0 fori= ]

This gives zero cross correlation or uncorrelated
noise source.

3. E[e,(n) x(n+k)]=0

This gives uncorrelation between noise and input
samples.

Digital filter model with noise is shown in Fig (5.1)

U(Lj)— Filter system = 3
/T {1
{ 2
ein) k_t/ \?E/

Fig. 5.1 Round-off Error source

Round off noise at filter output due to noise input
ei(n) is given by convolution

(5.2)

e,(n) =3 h (K)e,(n—k)

Where hi(k) is the impulse response of single
input/single output time shift invariant filter.

Round off error variance due to e;(n) is given by

oy (n) = E[e, (n-m) e, (N—K)]

:iihi(m) h,(K)E [e,(n—m) e, (n—k)]

m=0 k=0

n n
= 2. > h(m)h (k) i 6(k—m)

m=0 k=0
This follows from property (3) of uncorrelation
property of S, (K —m) gives

oi(nN=0c> h(m ... (5.3)
m=0

2 . . .
When o, is the error variance of round-off noise

from error source, Round off noise for various
noise inputs can be calculated using state variable
techniques.

5.2 Scaling

If amplitude of internal signal in a fixed-point
digital filter excels dynamic range overflow occurs.
On the other hand if amplitude is kept at much
lower level it will give poor S/N ratio. Then for
optimum filter operations scaling of amplitudes are
required. Suppose input signal is bounded by M in
I, space then

[2(m)[[ <M (5.4
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For filter transfer function F(z) roundness of output
v(z) to M in time domain can be obtained by a
scaling constant A obtained from filter relationship.

v(z) = MF(z) X(2) ....... (5.5)

Where v(z) is output of system with transfer
function F(z) and input X(z)

Using schwartz inequality
V) <Xz [AFll; e (5.6)
Where lower suffix 2 denotes I, space, and
x(n)| < [[X[lz <M
Then [v(n) <M |]AF||, (5.7)
For [v(n)| <M, condition gives limitation on A as
[IAF|l;< 1

1
or AS — (5.8)

IF 1,

5.3 State space method for round off error

In round off error and scaling analysis of
filter two separate analysis are required to be done :
Analysis of round off error requires computation of
a series of impulse response while the
determination of dynamic range. Constraints are
done in I, space.

State variable technique determines both in
algebraic form. Consider a linear time shift
invariant digital filter characterized in algebraic
form as

X(n+1) = AX(n) + bu(n) ....... (5.9)

And output equation as

y(n) = cX(n) +du(m) ....... (5.10)

Whose X(n) is n-dimensional vector, A is state
matrix, u(n) is scalar input, b, ¢ and d are real

constant metrics. For n-dimensional state equation
impulse response is also n-dimensional as

h(k) ={d(0) for k =0; CA*b for k >1}........
(5.11)

and state variable X(n) is given by

X(n)=> A% u(n—kK).....(5.12)
k=0

Where i’th row of (A b) will be denoted as fi(n).
For unit impulse input state variable is bounded in
I, space as

[1Xill2 = [IFill2 cn(5.13)

A scale factor 6 > 1 determines probability of
overflows for state variable as

I X580 1, ||§=52[Z fiz(k)j =[Q(2" -1)J",
k=
forall i veeenn(5.14)

Where Q is the quantization reference size and n; is
the word length of i'th state variable.

5.4 Analysis of round off error

Assume errors are uncorrelated, uniformly

distributed (while noise) random process out [-Q/2

, Q/2] such that each error source contributes an
2

error variance of E for each multiplication.

Suppose there are m; non-integer multiplication in
computation of xj(n) then m; round off error
sources corrupt x;(n). With proper scaling the
sources error saves are not allowed to overflow.

Impulse response in (5.11), can then be analyzed in
terms of a parameter g;, the i'th component of row
vector CA*. The noise appearing at the output due
to x;(n) is given by

2 2
TN
12

Total output round off noise is then simply the sum
of all the individual error statistic r

n 2 2
2 = mM ...... 5.16
o, Zl s (5.16)

5.5 Mullis and Roberts [9] method of computing
2
O-X

Two new matrices K and W are defined as

K = AKAT + bb' = f:(Akb)(Akb)T
k=0

(5.17)
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T T ©
AWA+CC = (CA)"(CA)
k=0

(5.18)

These matrices are positive definite for stable
filters with no pole-zero cancellation Kj; is the inner
product of f; and f; while Wj; is the inner product of
gi and g; then scaling constraint in (5.14) can be
interpreted in terms of diagonal elements of k as

While for Output errors variance in (5.16) becomes
(6=1)

>mQ’
2=y W .20
Oy Z 12 Wu (5.20)

In general a non-singular matrix T can be
obtained to transform A into diagonal matrix by
replacing state variable X by new state variable X
defined as

X=T'x ... (5.21)

Then metrics ( A, b,c) are transformed to (A', b’, ¢')
and element.

, X, 0T 4
X[ =— and (k,w)= (TKT,TWT)

11

Where T, denotes transpose & Ty is 1% diagonal
element of matrix T.so that,

K W,
k= —grand W), =24 . (5.23)
11 Tll

If word length is assumed uniform as
Ni=m foralli

Then output error variance becomes

, _(n+Dn( 5 Y 1[<
Oy = 3 (ij n{ékiiwﬁ}

k' and w' are explicit functions of T. It is then
evident that scaling and round off errors are
architecture dependent.

Thus state variable approach combines problem of
round off error and dynamic range into single set of
state variable. They are computed separately from
state equation solution.

6 COMMENTS & CONCLUSION

Various structure of digital filter like direct
structure were presented, in this work, cascade
structure was most simple form for hardware
realization point of view.

In article 3 state space representation of cascade
structure in simple matrix form was observed to be
most suitable for computational analysis. Each
cascade section will have second order state matrix.
Normal form of realization discussed here had very
complex structure although they had simple form
of matrix representation.

Simplicity of state space representation by
cascade structure was demonstrated in article 4
where general form of higher order digital filter
was represented in state space work various simple
state space elements which all the state having “0”
or “1” element except the last one with
denominator coefficient by, b, ........by of general
transfer function, biqued section of each LPF, HPX
etc, are related in the thesis by the method of
bilinear transformation arranging them be fined
that state variable form requires large calculation
but the final form is very simple.

In round off and scaling problem
discussed in article 5 it was observed that both can
be simultaneous analyzed in state space
representation, closed form analysis best and some
assumption like white noise character and
uncorrelated noise simplify the problem.

FUTURE SCOPE OF RESEARCH WORK

State space analysis of round off and dynamic
scaling lumped together opens a new field of state
space statistical analysis for digital filter. This field
of research can provide further scope of research
work.
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