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Abstract - Probabilistic Amplitude Modulation (PAS) is one of the techniques that has attracted significant and increasing 

interest in recent years in improving system performance, bringing the data rate achievable to the Shannon limit, improving 

spectral efficiency, and reducing constellation power. This paper will analyse the average symbol error rate performance of 
Probability Amplitude Shaping (PAS). The discussion is based on a Modified Multi-Repeat Distribution Matcher (PAS-

MMRDM) used for wireless communications in Gaussian and fading channels. The analysis includes four different fading 

models: Rayleigh channels, Log-normal fading channels, Nakagami-m channels, and Composite Log-Normal 

shadowing/Nakagami-m fading channels. Simulation supported and compared the results with input symbols for high-order 

modulation schemes such as uniform Quadrature Amplitude Modulation (QAM). It will also be noted that PAS based on 

MMRDM provides a significant improvement in the average symbol error rate at a certain Signal-to-Noise Ratio (SNR) or a 

significant decrease in the  SNR  wanted to perform specific symbol error probability compared to uniform QAM for different 

cases of channels, for example, the improvement in the net shaping gain of about 1.21, 1.64, and 1.81 dB at Symbol Error Rate 

(SER) with entropy rate 4, 6, and 8 bits/symbol, all cases at Symbol Error Ratio (SER)= 10−4 when compared with uniformly 

distributed symbols of QAM. 

Keywords - Log-Normal shadowing, Nakagami-m fading, MMRDM, Probabilistic shaping, Rayleigh fading. 

1. Introduction  
High Spectral Efficiency (SE) is one of the necessary and 

crucial requirements in future communication systems, where 

many techniques, such as channel coding, high-order 

modulation schemes, and others, play an essential role [1-3]. 

The traditional transmission of data in most communication 
systems cannot utilize channel capacity optimally [4] due to 

data having a uniform distribution that leads to a loss reaching 

1.53 dB in achievable data rate (Shaping gap) [5]. Therefore, 

this transmission type is unsuitable for Additive-White-

Gaussian Noise (AWGN) channels, and the performance will 

deteriorate significantly in the fading and multipath wireless 

channels [6].  

Many studies have been conducted on a large scale 

regarding the probability of error in quadrature amplitude 

modulation, as well as pulse amplitude modulation in AWGN 

and fading channels [6-12]. In all these studies, the considered 

input symbols were the uniform distribution symbols. One of 
the crucial techniques that have gained increasing and pivotal 

interest in improving the quality of communication systems 

and overcoming (the shaping gap) is Probabilistic Shaping 

(PS) by optimizing the input symbols distribution through 

signal shaping to improve energy efficiency [4, 5].  

The resulting distribution of the symbols is a Gaussian-

like non-uniform distribution; by applying it to the QAM 

constellation, the transmitting probability of low-energy 

constellation points will increase (more repetition) while the 

transmitting probability of higher-energy points will decrease 

(less repetition). The commonly used distribution to generate 

non-uniform signalling is the Maxwell-Boltzmann (MB) 

distribution to close the shaping gap and maximize shaping 
gain to theoretically (πe/6 or 1.53 in dB) [5, 13].  

PS is a technology based on trading off power efficiency 

for spectral efficiency. Many researchers [14-17] proposed 

various Probabilistic Shaping (PS) scenarios utilized in 

transmission systems, and the system performance has been 

improved in several respects. This reflects the importance of 

including probabilistic shaping as an essential part of various 

systems in communication structures. 

http://www.internationaljournalssrg.org/
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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Recently, there has been increasing interest in 

Probabilistic Amplitude Shaping (PAS) coded modulation as 

a method to integrate modulation schemes and channel 

coding. This approach has gained attention in various 

communication systems (wireless and optical).  

The structure of PAS is based on a distribution matcher 
called the Constant Composition-Distribution-Matching 

(CCDM) algorithm, which uses arithmetic coding for shaping. 

The performance of CCDM improves with longer data 

packets, but this also increases the complexity of arithmetic 

coding [18]. Moreover, [19] provides further details on this 

topic. 

Many researchers have developed a method to reduce 

short to medium-block length rate losses. They used Sphere 

Mapping to Distribution Matcher (SMDM) in [20]. In [14], a 

pas-based Enumerative Sphere Shaping (ESS) was proposed, 

which has been proven to perform better than CCDM for small 

or medium block lengths when evaluated via the AWGN 
channel.  

The computational and storage complexity has also been 

reduced for short block lengths. However, ESS still has some 

limitations and computational complexity and required 

storage capacity becomes high, particularly with long data 

packets. In optical fiber communications and free space 

optical communications [4, 16, 21-25], the PS is presented as 

an optimum technique that achieves excellent transmission 

rates and distances and maximizes the transmission capacity 

and system performance. 

This paper will provide an extended study of the symbol 
error performance of probabilistic shaping based on a 

modified distribution matcher called a Multi-Repeat 

Distribution Matcher (MRDM) [26] under AWGN and 

various fading channel types. This modification will create 

several small lookup tables or groups to generate a shaping 

scheme.  

The storage capacity required will be significantly 

reduced in this process, and it does not need any complex 

calculations. The non-uniform distribution is a mechanism 

used to shape the probability distribution of symbols in digital 

communications.  

This technique is similar to the well-known Maxwell-
Boltzmann (MB) distribution. It can be achieved by selecting 

the optimum number of levels and symbols that will be 

repeated in each level. By doing so, small lookup tables can 

be generated, with the same levels required to form the 

shaping and deshaping coders.  

The resulting distribution is then shaped according to the 

required shaping rate, which leads to the efficient use of 

available bandwidth and the reduction of the probability of 

errors. First, over the Gaussian noise channel, an analysis of 

the Symbol Error Rate (SER) for uncoded M-QAM using 

MMRDM is conducted, and a simple approach to analytical 

expressions of SER in terms of distribution parameters is 

introduced.  

The performance of the proposed matcher will be 
compared with the traditional uniformly distributed M-QAM 

to give a more comprehensive picture of the results obtained. 

The PS-MMRDM approach will be extended to derive a 

simplified expression SER to estimate MMRDM performance 

under the influence of fading over Rayleigh, Log-normal, 

Nakagami-m, and composite channels (Log-normal 

shadowing/ Nakagami-m) under different conditions. 

The relationship between the PAS-MMRDM and rate 

parameters is derived to optimize the Probability Mass 

Function (PMF), close it to MB distribution, and analyze its 

impact on system performance. By changing the number of 

levels (L) or repeating subsets mode, the rate parameter value 
can be controlled to provide the desired entropy.  

The SNR gain is compared between uniform M-QAM 

and PAS-MMRDM for all channels in three entropy values 

according to 2 different levels (L); for example in AWGN 

channel, PS-MMRDM applied to 16-QAM, 64-QAM, and 

256-QAM with levels (L) of MMRDM as L= {10,30} for 16-

QAM, L={80,100} for 64-QAM, and L={300,360}for 256-

QAM. The SNR enhancement gained about {4 , 2.2} dB for 

PAS-16-QAM, {4.86, 2.87} for PAS-64-QAM, and {5.1, 

3.36} for PAS-256-QAM at SER = 10−4  compared with the 

same degree of conventional uniform QAM.  

The theoretical results supported with MATLAB R2022b 

simulations show significant results for all channel cases. At 

the same time, a higher order non-uniform-MQAM is 

compared to uniform M-QAM, which are 16, 64, and 256 

QAM at the same level of entropy (H), with values 4, 6, and 8 

bit/symbol; similarly, PAS-M-QAM offers a gain in SNR  

about 1.21 dB, 1.64 dB, and 1.81 dB at SER = 10−4. 

The paper’s remaining sections are organized as follows: 

The concept of MMRDM is described in section 2. Section 3 

introduces the relations to generate non-uniform symbols in 
MMRDM. Section 4 of this study undertakes a comprehensive 

analysis of the symbol error performance of the modified 

distribution matcher across a range of channels.  

Subsection 4.1. analyses the error performance over the 

AWGN channel is presented. Next, in subsection 4.2, the 

analysis is expanded to encompass additional fading channel 

conditions. Section 4.2.1 details the results under the Log-

normal fading scenario. The Rayleigh fading channel is 

presented in subsection 4.2.2, and the Nakagami-m and 

Composite Log-Normal shadowing/Nakagami-m fading 

channels are presented in subsections 4.2.3 and 4.2.4. Section 
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5 provides an evaluation of the analytical and simulation 

results of the suggested distribution matcher for all channel 

types’ conditions. The final section, Section 6, presents the 

conclusions. 

2. Description of the Modified Distribution 

Matcher 
In this work, MMRDM is used as Probabilistic shaping. 

This method is based on modified multiple repeat mapping of 
combinations rather than sequence permutation. Several 

lookup tables or sets are merged in this scheme to generate 

output sequences with the desired shaping rate, which 

translates to constellation points that resemble the MB 

distribution. The shaping process is illustrated in Figure 1 

[26]. 

 

 

 

 

 

 
 

 

 

 

 

 
 

Fig. 1 Shaping process 

 

 

 
 

 

 

 

 

 

 

 

 
 

Fig. 2 Standard M-QAM constellation 

As in [26], the term “L” represents the number of levels 
or groups, followed by the assignment of sub-groups, labelled 

as S1, ..., SL, each group consists of 𝑐𝑖 symbols. Symbols are 

composed of a set of bits arranged in the same sequence as the 

constellation, representing the points of the constellation, as 

shown in Figure 2. A lookup table is generated for every level 

or subset. The tables provide a probabilistic representation of 

the input data for a certain packet length [26]. The energy rule 

governs symbol repetition; lower energy symbols repeat more 

often. 

The shaping process achieved is based on several 

parameters that must be obtained:  L levels, the N bits/symbol 

for M-constellation, 𝑐1, 𝑐2, . . . ,  𝑐𝐿 are the symbols repeated in 

each set group, and m is the packet length of the input data. 

Parameters are related to each other according to the following 
mathematical relationships [26]: 

{
 
 

 
 

𝑐1 ≤ 2
𝑁

𝑐2 ≤ 𝑐1
……

𝑐𝐿 ≤ 𝑐𝐿−1
2𝑚 ≤ 𝑐1 × 𝑐2 ×…× 𝑐𝐿 ≤ 2

𝐿×𝑁

                    (1) 

Suppose 𝜁𝑃𝐴′ is a set of vectors that satisfy the MB 

distribution PA’, where 

𝜁𝑃𝐴′ = 𝑐1 × 𝑐2 ×…× 𝑐𝐿                 (2) 

Then the block length m will be: 

𝑚 = ⌊log2 𝑐1)⌋+. . . +⌊log2 𝑐𝐿)⌋       (3) 

⌊. ⌋ means taking an integer in the downward direction. 

The rate (R) of shaping is, 

𝑅 = 𝑚 𝐿 × 𝑁⁄           (4) 

The size of the MRDM codebook is |∁𝑀𝑅𝐷𝑀| = 2
𝑚. 

The parameter L determines how much the encoder can 

deviate from the MB distribution while maintaining a 
reasonable complexity. The maximum number of codewords 

that can be combined is 𝐿 × 2𝑚; each codeword contains L 

symbols, with each symbol containing N bits. To summarize, 

the MMRDM algorithm can be represented by the following 

pseudo-code. 

Algorithm: MMRDM 
Begin 

{ 

Input: specified modulation order M 

1. According to the modulation scheme, calculate N 

2. Choose the number of levels L. 

3. optimize the values of 𝑐1 , 𝑐2 , . . . ,  𝑐𝐿  based on the constraint 

Equation 1 and must follow Gaussian-like distribution with 

desired entropy. 

4. Determine m according to the Equation 3  

5. Calculate the rate R, according to Equation 4 

6. Divide m to L groups; each group contain ⌊log2 𝑐𝑖)⌋ bits 

7. Add extra bits for each group to construct N bits group  

Output: L group, each group containing N bits mapped to symbols 

according to the M-QAM constellation in Figure 2. 

} 

End 
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M-QAM symbols probabilities are  𝑝𝐴(𝑎
𝑀)  =

[𝑝𝑎1, 𝑝𝑎2, … , 𝑝𝑎𝑀], and there are L groups that have different 

probabilities; each group has ci symbols with probabilities as 

follows 

Group g1 consists of c1 symbols with equal probabilities 

[26]:  

 𝑝𝑔1(𝑎
𝑐1) = [

1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
  , . . . ,

1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
] 

Group g2 consists of (c2 - c1) symbols with equal 

probabilities. 

 𝑝𝑔2(𝑎
𝑐2) = [

1

𝑐2
+...+

1

𝑐𝐿

𝐿
, . . . ,

1

𝑐2
+...+

1

𝑐𝐿

𝐿
] 

. 

.                                                                               (5) 

. 

Group gL consists of (cL-cL-1) symbols with equal 

probabilities. 

 𝑝𝑔𝐿(𝑎
𝑐𝐿) = [

1

𝑐𝐿

𝐿
, . . . ,

1

𝑐𝐿

𝐿
] 

Then, the PS-QAM probabilities become 

𝑝𝐴(𝑎
𝑀) = 𝑝𝑔1 ∪ 𝑝𝑔2 ∪ . ..  ∪ 𝑝𝑔𝐿.  

For example PAS-MMRDM 16-QAM, with L=3, c1=4, 

c2=8 c3=16,  m=9, the symbols probability will be, 

𝑝𝐴(𝑎
16) = [

1

𝑐1
+
1

𝑐2
+
1

𝑐3

𝐿
,

1

𝑐1
+
1

𝑐2
+
1

𝑐3

𝐿
,

1

𝑐1
+
1

𝑐2
+
1

𝑐3

𝐿
,

1

𝑐1
+
1

𝑐2
+
1

𝑐3

𝐿
,

1

𝑐1
+
1

𝑐2

𝐿
,

1

𝑐1
+
1

𝑐2

𝐿
,

1

𝑐1
+
1

𝑐2

𝐿
,

1

𝑐1
+
1

𝑐2

𝐿
,
1

𝑐2

𝐿
,

1

𝑐2

𝐿
,

1

𝑐2

𝐿
,

1

𝑐2

𝐿
,
1

𝑐2

𝐿
,

1

𝑐2

𝐿
,

1

𝑐2

𝐿
,

1

𝑐2

𝐿
]  

 = [
7

48
,
7

48
,
7

48
,
7

48
,
3

48
,
3

48
,
3

48
,
3

48
,
1

48
,
1

48
,
1

48
,
1

48
,
1

48
,
1

48
,
1

48
,
1

48
]  

 (6) 

Therefore, the storage capacity required in the proposed 

method is not  2𝑚 × (𝐿 × 𝑁) bits as in [29] but will be [26]:   

Storage capacity = (𝐿 × 𝑙𝑜𝑔2𝑀 −𝑚) bits  (7) 

If the selected subsets are the power of 2, but if any subset 

ci is not the power of 2, then the storage capacity of the lookup 

table for this subset will be 

Storage capacity= (𝑠12
𝑠2 + 𝑠3)  (8)      

Where, 

𝑠1 = 𝑠2 = ⌊𝑙𝑜𝑔2 𝑐𝑖⌋ − 1 and 

𝑠3 = 𝑙𝑜𝑔2𝑀 −(⌊𝑙𝑜𝑔2 𝑐𝑖⌋ + 1). 

As noted from Equations 7 and 8, the storage capacity 

required for the suggested method is extremely low, even for 

a higher order of modulation or for higher values of L when 

compared with [29], where the lookup table becomes 

impractical for high values of L, for example, in [29] L = N-1 

for 64-QAM, the value of L = 5, if the rate R required is 2/3 
the length of the output block n = 30 and the length of the input 

block m =20, thus becoming the necessary storage capacity to 

store the lookup table is 220 × 30  bit, which is impractical, 
imagine for M 256 or 1024 QAM or larger value of L. In the 

proposed modification, the capacity required for the same 

parameters L, R, n, and m will be 10-bit according to Equation 

7 [26]. 

3. PAS-MMRDM Symbols Generation 
For M-QAM, 𝑁 = log2𝑀 bits per symbol, and  the 

constellation symbols’ locations are xi = (±a, ±3a,…,±(√𝑀−

1)a) + i(±a, ±3a,…,±(√𝑀− 1)a). As mentioned before, the 

input symbols must be chosen from a commonly Maxwell-

Boltzmann distribution to bring the channel capacity to the 

maximum in the Gaussian channel. The Maxwell-Boltzmann 

distribution can be represented as [5, 18], 

𝑝(𝑥) = 𝐴(𝜆)𝑒−𝜆|𝑥|
2
        x ∈ R           (9) 

The parameter 𝜆 ≥ 0 plays a crucial role in determining 

the relationship and tradeoff between the average energy. 

𝜉𝑎𝑣  = ∑ 𝑝A(𝑥𝑖)
𝑀
𝑖=1 𝐸(𝑥𝑖) and entropy 𝐻(𝑥) =

∑ 𝑝A(𝑥𝑖)
𝑀
𝑖=1 log2( 𝑝A(𝑥𝑖)), the coefficient A(𝜆) must be 

chosen to make ∑𝑝𝐴(𝑥) = 1 [26].  

The entropy value determines the optimal pmf through 

the 𝜆 value. As 𝜆 approaches 0, the distribution becomes 
uniform more, while it becomes more like a reduced variance 

Gaussian distribution as 𝜆 increases. 

The Water Circle Algorithm (WCA) will be used to 

estimate parameters for a Maxwell-Boltzmann distribution 

model fitted to MMRDM probabilities from PAS 64-QAM 

symbols generated with L = 100. The estimated parameters of 

MB distribution are 𝜆 = 0.0454 and 𝐴(𝜆) = 0.2399.  

The Gaussian distribution can be approached by the 

Maxwell-Boltzmann distribution, which is governed by the 

value of the rate parameter 𝝀 and the order of modulation M. 

The formula for the Gaussian distribution is as follows: 

𝑓(𝑥) = 𝑎. 𝑒
(
−(𝑥−𝜇)2

2𝜎2
)
            (10) 

The amplitude is a, the mean value is µ, and the Gaussian 

curve standard deviation is σ.  By comparing Equations 9 and 

10, the  Gaussian fit, f(x) parameter a = 0.2399, µ = 0 due to 

symmetric, and  σ^2= 11.016, where a = A(λ) , and σ^2=1⁄2λ 

and as shown in Figure 3. 
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Fig. 3 Probability distribution of one dimension of MMRDM-64-

QAM with its Gaussian fit 

4. Proposed Probabilistic Shaping Performance 
4.1. Performance over AWGN Channel  

The best detection scheme for a probabilistic shaping 
modulator is the Maximum A Posteriori (MAP) detector. This 

detector considers the prior symbol distribution, while the 

Maximum Likelihood Detector (MLD) does not [7, 8]. The 

Symbol Error Rate (SER) can be defined by the following 

expression [8]: 

𝑃𝑠|𝑀−𝑄𝐴𝑀 = 𝛼𝑄 (√𝜖
𝐸𝑠

𝑁0
) − 𝛼𝑄2 (√𝜖

𝐸𝑠

𝑁0
)    (11) 

𝛼 is the nearest neighbor’s average number in the symbol 

constellation, and 𝜖 = 2 𝜉𝑎𝑣
⁄ . For square M-QAM, there are 

(𝑀 − 4√𝑀+ 4) points with four neighbors, three neighbors 

for the (4√𝑀− 8) edge points and two neighbors for four 

corner points. 𝛼 can be calculated as: 

𝛼 =
1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
× 4 +

1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
× 4 +⋯+

1

𝑐𝐿

𝐿
× 2  (12) 

And average symbols energy is, 

𝜉𝑎𝑣  =
1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
𝐸(𝑥1) +

1

𝑐1
+
1

𝑐2
+...+

1

𝑐𝐿

𝐿
𝐸(𝑥2) +⋯+

1

𝑐𝐿

𝐿
𝐸(𝑥𝑀)        (13) 

Substitute Equations 12 and 13 in Equation 11 to calculate 

the symbol error rate at certain SNRs. Let’s take the 16-QAM 

as an example; for uniform distribution QAM, the calculated 

𝛼 and 𝜉𝑎𝑣 are 3 and 10; from Equation 11, the value of  SNR 

is 19 dB, which gives SER = 10−4.  

For PAS-QAM with H=3.55 bits/symbol and 𝜆 =
0.0341, the symbols probabilities  𝑝𝐴(𝑎

16)  are shown in 

Equation 6, and the estimated values of 𝛼 and 𝜉𝑎𝑣 from 

Equations 12 and 13 are 3.5 and 6, according to Equation 11, 

SER =10−4 at SNR =16.86 dB.  

The improvement gained in SNR is about 2.2 dB. The 

formula in Equation 11 is simple to calculate and is considered 

a good approximation of the symbol error ratio across the 

AWGN channel. 

4.2. Performance over Fading Channels 

In a wireless communication channel where fading 
occurs, the power of the received signal is affected by a 

random variable known as the channel coefficient, h. The 

instantaneous SNR per symbol, γ, is calculated as 𝛾 =
 |ℎ|2 𝐸𝑠/𝑁𝑜, while the average SNR is 𝛾̅  =  |ℎ|̅̅̅̅ 2𝐸𝑠/𝑁𝑜.  

To evaluate the average symbol error probability, the 

integral of the AWGN symbol error probability 𝑃𝑠|𝑀−𝑄𝐴𝑚(𝛾) 

over fading Probability Density Function (PDF)  𝑝𝛾(𝛾)  must 

be estimated using the following formula [6]: 

𝑃𝑠|𝐹𝑎𝑑𝑖𝑛𝑔 = ∫ 𝑃𝑠|𝑀−𝑄𝐴𝑀(𝛾)𝑝𝛾(𝛾)𝑑𝛾
∞

0
   (14) 

A noncomplicated formula of the Symbol Error Ratio 

(SER) in fading channel models is presented, which includes 

Rayleigh, Log-normal, Nakagami-m, and Composite Log-

Normal shadowing/Nakagami-m fading channels with 

possible conditions. 

4.2.1. Performance over Rayleigh Channel 

The Rayleigh channel is the perfect choice for analyzing 

fading channels. It offers the simplest yet most effective way 
to study the instantaneous SNR per bit PDF, with PDF 

formulated as: 

𝑝𝛾(𝛾) =
1

𝛾̅
exp (−

𝛾

𝛾̅
) ,   𝛾 ≥ 0     (15) 

Substituting Equations 11 and 15 in Equation 14, we 

estimate the probability of a symbol error of PAS-MMRDM 

in the Rayleigh channel using the following formula [6, ch.5, 

9]. 

𝑃𝑠|𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ = 𝛼 (1 −√
𝜖𝛾̅

1+𝜖𝛾̅
) −

𝛼

2
(1 −√

𝜖𝛾̅

1+𝜖𝛾̅
∗

4

𝜋
tan−1 (√

1+𝜖𝛾̅

𝜖𝛾̅
))  (16) 

For the same conditions applied in section 4 and for the 

same values of 𝛼, 𝜖, and SER, the power of channel coefficient 

is |ℎ|2 = 1, the improvement gained in SNR is about 1.579 
dB. Again, there is no need for complex calculations to obtain 

SER for the Rayleigh channel. 

4.2.2. Performance over Log-Normal Channel 

The performance of terrestrial and satellite land-mobile 

communication systems is affected by shadowing from 

different obstacles, either natural or human-made. For various 

environments, indoor or outdoor, the Log-normal distribution 
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is the mathematical model utilized to express the Log-normal 

fading 𝑝𝛾(𝛾) as [9, 10, 27]: 

𝑝𝛾(𝛾) =
1

√2𝜋𝜎𝛾
2 𝛾
exp (−

(ln(𝛾)+𝜇)2

2𝜎𝛾
2 )  𝛾 ≥ 0  (17) 

Where, 𝜎𝛾
2 and 𝜇 = 𝜎𝛾

2/2   are the variance and mean of 

Log-normal fading with random variable ln(𝛾). When 

substituting Equations 11 and 17 in Equation 14, Gauss-

Hermite integration can be used to evaluate the resultant 

integration to estimate the probability of symbol error of PAS-
MMRDM in Log-normal fading as in the following formula 

[6, Ch.5, 9, 10]. 

𝑃𝑠|𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙 =
𝛼

√𝜋
∑ 𝑤𝑥𝑖
𝑁𝑝
𝑖=1

𝑄 (e
(𝑥𝑖√2𝜎𝛾

2+𝜇)
√𝜖𝛾)−

𝛼

2√𝜋
∑ 𝑤𝑥𝑖
𝑁𝑝
𝑖=1

𝑄2 (e
(𝑥𝑖√2𝜎𝛾

2+𝜇)
√𝜖𝛾)  (18) 

xi and wxi represent the zeros and weight factors of Np-
order Hermite polynomial, and i=1,2,…, Np, respectively and 

are given by [28, Table (25.10)]. The order of 

polynomial Np affects the accuracy of the symbol error 

probability.  

From Equation 18, the gain in SNR in the Log-normal 

channel is 1.95 (dB) for the same assumptions used in 

previous subsections and for the same values of 𝛼, 𝜖, and SER, 

with variance of fading 𝜎𝛾
2 = 0.2, and polynomial order, Np = 

20. 

4.2.3. Performance over Nakagami-m Channel 

Practically, the communication link between two nodes 

may experience different fading conditions. Here, the 
Nakagami-m distribution is a suitable distribution with an m 

parameter that can be used to model a mathematically wide 

range of fading scenarios, including special cases like m = 0.5, 

a Gaussian distribution with one side.  

When m =1, this will represent Rayleigh fading and other 

distributions. The Nakagami-m PDF can given by [6, 11].  

𝑝𝛾(𝛾) =
1

Γ(𝑚)
(
𝑚

𝛾̅
)
𝑚

exp (−
𝑚𝛾

𝛾̅
) ,   𝛾 ≥ 0   (19)      

Where m, Γ(·) is the fading parameter and gamma 

function, respectively.  

The symbol error performance can evaluated by solving 

the integration resulting from substitute Equations 11 and 19 

in Equation 14. Using the derived definite integral in [6, 

Appendix 5A:5], this closed-form expression can be evaluated 

as [11]. 

𝑃𝑠|𝑁𝑎𝑘𝑎𝑔𝑎𝑚𝑖−𝑚 = 

{
  
 

  
 𝛼
2
(1 − 𝛽𝐼𝑜) −

𝛼

4
(1 −

4

𝜋
𝛽 {

(
𝜋

2
− 𝑡𝑎𝑛−1 𝛽) 𝐼𝑜

+𝑠𝑖𝑛−1(𝑡𝑎𝑛−1 𝛽)𝛩𝑜
}) ,

𝑚 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

𝛼
1

2√𝜋

√𝑐

(1+𝑐)𝑚+0.5

Γ(𝑚+
1

2
)

Γ(𝑚+1)
× 𝐹1 (1;𝑚 +

1

2
;𝑚 + 1;

1

1+𝑐
) ,

𝑚 = 𝑛𝑜𝑛𝑖𝑛𝑡𝑒𝑔𝑒𝑟

  (20) 

Where, 

𝛽 = √
𝑐

1+𝑐
 ,  

𝑐 =
𝜖𝛾

2𝑚
, 

𝐼𝑜 = ∑ (2𝑘
𝑘
)(

1−𝛽2

4
)
𝑘

𝑚−1
𝑘=0 , 

Θ𝑜 = ∑ ∑
𝑇𝑖𝑘

(1+
𝜖𝛾

𝑚
)
𝑘

𝑘
𝑖=1 [cos(tan−1 𝛽)]2(2𝑘−𝑖)+1𝑚−1

𝑘=1 , 

𝑇𝑖𝑘 =
(2𝑘𝑘 )

(2
(𝑘−𝑖)
𝑘−𝑖

)4𝑖[2(𝑘−𝑖)+1]
 , and  

𝐹1(. ; . ; . ; . ) is hypergeometric function. 

The value of m spans the Nakagami-m distribution over 

many fading scenarios; as an example applied before, let’s set 
the value of m to 1, and Nakagami-m becomes Rayleigh 

fading. The parameters α, ϵ, and SER applied in previous 

subsections will be the same, and the SNR gain will be 

approximately the same as gained in subsection 4.2.1, which 

is 1.579 (dB). 

4.2.4. Performance over Composite Channel (Log-Normal 

Shadowing/Nakagami-m)  

The Composite fading channel (Log-normal Shadowing / 

Nakagami-m) is used to model the congested areas downtown, 

which contain a large number of objects at a slow speed, like 

pedestrians and vehicles. To obtain pγ (γ ), the instantaneous 

fading of Nakagami-m in Equation 19 is averaging over 
conditional Log-normal fading PDF in Equation 17; the 

resultant is composite PDF as [2, 12]. 

𝑝𝛾(𝛾) = ∫
1

𝛤(𝑚)
(
𝑚

Ψ
)
𝑚

𝑒𝑥𝑝 (−
𝑚𝛾

Ψ
) ×

∞

0

{
1

√2𝜋𝜎Ψ
2  Ω

exp (−
(ln(Ψ)+𝜇)2

2𝜎Ψ
2 )} 𝑑Ψ     (21) 

As mentioned before, Gauss–Hermite quadrature 
integration with order Np will be used to compute the inner 

integral, and the closed integral form will be used to obtain the 

following symbol error probability formula [12]: 
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𝑃𝑠|𝐶𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 =

{
 
 
 
 
 

 
 
 
 
 

𝛼

2√𝜋
∑ 𝑤𝑥𝑗(1 − 𝛽𝐼𝑜)
𝑁𝑝
𝑗=1 −

𝛼

4𝜋
∑ 𝑤𝑥𝑗 (1 −

4

𝜋
𝛽 {

(
𝜋

2
− 𝑡𝑎𝑛−1 𝛽) 𝐼𝑜

+𝑠𝑖𝑛−1(𝑡𝑎𝑛−1 𝛽)𝛩𝑜
})𝑁𝑝

𝑗=1 ,

  𝑚 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

𝛼
1

2√𝜋
∑ 𝑤𝑥𝑗 {

√𝑐

(1+𝑐)𝑚+0.5

Γ(𝑚+
1

2
)

Γ(𝑚+1)
×

𝐹1 (1;𝑚 +
1

2
;𝑚 + 1;

1

1+𝑐
)
}𝑁𝑝

𝑗= ,

  𝑚 = 𝑛𝑜𝑛𝑖𝑛𝑡𝑒𝑔𝑒𝑟

       (22)                                                                                                                                                        

All parameters of Equation 22 are the same parameters 

defined in previous subsections except 𝛽 = √
𝑐𝑗

1+𝑐𝑗
, and  𝑐𝑗 =

𝜖𝛾

2𝑚
𝑒
(𝑥𝑗√2𝜎𝛾

2+𝜇)
. For m = 1, 𝜎𝛾

2 = 0.2, and the order of 

polynomial Np = 20, the SNR improvement is about 1.722 dB 
at higher values of SNR than Rayleigh or Nakagami-m fading 

channels for the same value of the parameters α, ϵ used in 

AWGN channel, where α and ϵ values are 3, 10 for uniform 

16-QAM respectively and 3.5, 6 for PAS-MMRDM with L = 

3 and subgroups are c1 =4, c2 = 8, and c3 = 16. 

5. Discussion and Results 
5.1.  AWGN Channel 

The theoretical SER of PAS-MMRDM given by Equation 

11 supported by MATLAB simulation is shown in Figure 4, 

where the M-QAM SER with uniform distribution is also 

included for comparison. As illustrated in the figure, the 

improvement in the performance of the PAS-16-QAM system 

is about 4 dB and 2.1dB in SNR when H={3.1,3.6}bits/symbol 

where the rate factor (𝜆) values = (0.1733 and 0.0683) and 

L={10,30}.  

At the same time, for PS-64-QAM, the H= {4.6,5.5} 

bits/symbol is used for the 𝜆 (0.1062,0.06868) and levels 
(80,100) will be the improvement in SNR about 4.86 and 2.88 

dB respectively, and finally the values of the 𝜆 

(0.0587,0.02947) for H={6.4,7.4} bits/symbol when L 

(300,360) was used on the PAS-256-QAM system, the 

improvement in SNR will be 5.1 and 3.36 dB respectively.  

All results are compared to the QAM system with a 

uniform distribution at SER = 10−4. It is also noted from the 

results that the improvement in the SNR depends on the rate 

factor 𝜆, which in turn depends entirely on the number of 
levels (L) and repetition groups (ci) for each level according 

to the modulation order-M. 

Another comparison of SER performance will be made 

between PS-M-QAM and a regular QAM of lower order M/4 

with the same entropy values, which are 4, 6, and 8 

bits/symbol, as shown in Figure 5. PS-M-QAM improves SER 

compared to regular QAM whenever the modulation rank M 

has increased, as the SNR gain is about 1.21 dB when 

comparing PAS-64-QAM with regular 16-QAM at 4 

bit/symbol entropy. The obtained SNR gain is 1.64 dB when 

comparing PS-256-QAM with uniform 64-QAM and 6-

bit/symbol entropy. Finally, the SNR gain will be about 1.81 

dB at H=8 bits/symbol and PAS-1024-QAM against regular 
256-QAM. All cases of SNR gain are measured at SER = 

10−4. 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4 Uniform M-QAM and PAS_MMRDM error performance under 

AWGN channel condition 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 
Fig. 5 Uniform M-QAM and PAS_MMRDM error performance at the 

same entropies H 

5.2. Fading Channels 

Under the condition of Rayleigh fading, the MATLAB 

simulation results of SER and the theoretical PAS-MMRDM 

SER were evaluated using Equation 16 with SER of uniform 
M-QAM, which are illustrated in Figure 6. Similar to the 

previous cases in the AWGN subsection, modulation order M 

is 16, 64, and 256; the entropies, number of levels L, and 

repeated subgroups ci are the same.  
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Fig. 6 Symbol Error Rate of  uniform  M-QAM and PAS in rayleigh 

fading channel 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
Fig. 7  Symbol Error Rate of uniform M-QAM and PAS in rayleigh 

fading channel at equal entropies H 

The SNR improvement for PAS-MMRDM over uniform 

distribution is 4.6,2.1 dB for PAS-16QAM, 4.6,2.65 dB for 
PAS-64QAM, and 4.9, 3.3 dB for PAS-256 QAM. While for 

cases where the entropies (4, 6, and 8) bits/symbol, the 

evaluated gains in SNR are 0.29 dB, 1.07 dB, and 1.38 dB, as 

shown in Figure 7, all Rayleigh fading cases evaluated at SER 

= 10−3. Figure 7 shows that PAS-MMRDM improves the 
system performance regarding SER compared with the 

uniform M-QAM, which is higher in order even in Rayleigh 

fading. 

The theoretical (estimated from Equation 18) and 

simulation results of SER performance of compared PAS-

QAM with uniform QAM, under Log-normal fading with 

fading variance 𝜎𝛾
2 = 0.1, are shown in Figures 8 and 9. All 

parameters of MMRDM in 4.1 will be used here.  

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
Fig. 8  Symbol Error Rate of PAS and uniform M-QAM in log-normal 

fading channel 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
Fig. 9 Symbol Error Rate of PAS and uniform M-QAM in log-normal 

fading channel at equal entropies H 

In all cases, PAS-MMRDM improved SNR for all 

modulation order M, even when compared at the same 

entropy, as shown in Figure 9. For instance, in Figure 8 and  at 

SER = 10−4, the SNR gains are about 4 and 2.1 dB for PAS-

16-QAM, 4.6 and 2.88 dB for PAS-64-QAM and finally 5 and 
3.37 dB for PAS-256-QAM. The role is to repeatedly compare 

SER performance at equal entropy using entropy (H) of 4 

bits/symbol to compare PAS-64QAM with regular 16-QAM, 

compare PAS-256QAM with regular 64QAM at the entropy 

of 6 bits/symbol, and finally compare PAS-1024QAM with 

uniform 256QAM at a net entropy of 8 bits/symbol, as was 

used in the AWGN channel in the previous subsection. 

Figure 9 shows the comparison results. From Figure 9, an 

SNR gain of about 1 dB was obtained at 4-bit entropy, 1.35 

dB at H=6-bit, and finally, the gain was about 1.52 dB at H = 
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8-bit. All cases were measured at SER=10-4, as previously 

mentioned. It is concluded from the previous results that PAS-

MMRDM gives superior performance over the log-normal 

fading channel but less than it does over the AWGN channel. 

For the Nakagami-m fading channel, the error performance 

will be evaluated for two special cases: first, m = 0.5 (one side 
Gaussian), and the other case, m =1 (Rayleigh distribution). 

Again, the same parameters of MMRDM mentioned before 

will be used here.  

Figure 10 shows the comparison in error performance 

between the proposed method (theoretical and simulation) and 

uniform M-QAM in case m=0.5; the inset shows the 

enhancement in SNR  at particular SER = 10−2. The SNR 
gained are {3.9,1.44} for PAS-16QAM at H={3.1,3.6},  for 

PAS-64QAM SNR gains are {4,2.12} at entropies {4.6,5.5}, 

and SNR gains {4.5,3} for PAS-256QAM at entropies 

H={6.4,7.4}. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
Fig. 10 M-QAM symbol error rate in nakagami-m channel at m = 0.5  

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 
Fig. 11  M-QAM symbol error rate in nakagami-m channel at m = 1 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
Fig. 12 M-QAM symbol error rate in composite channel (log-normal 

shadowing/nakagami-m) at m=0.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 13 M-QAM symbol error rate in composite fading channel (log-

normal shadowing/nakagami-m) at m=1 

Meanwhile, Figure 11 illustrates the compared symbol 

error performance at m =1. As shown in Figure 11, the error 

performance for Nakagami-m at m = 1 is similar to that in the 
Rayleigh channel, as shown in Figure 6. The summary of 

results is the SNR gains {4.7, 2.2} for PAS-16QAM, SNR 

gains {4.9, 3.45} for PAS-64QAM, and finally, the SNR gains 

{5, 3.6} for PAS-256QAM, all results at the same entropies 

used earlier. The proposed scheme introduces a reasonable 

SNR gain or SER enhancement even in the worst Nakagami-

m conditions.  

Figures 12 and 13 show the results of the Composite 

fading channel (Log-Normal shadowing/Nakagami-m). 

Figure 12 shows the results of error performance for case m 

=0.5 and Log-normal fading variance 𝜎𝛾
2=0.1. Another case 

will be examined at m =1, as shown in Figure 13.  
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In all cases, the proposed method offers a good 

improvement in Symbol Error Ratio (SER) at specific SNR 

compared to uniformly distributed M-QAM. For instance, for 

m=0.5 and at SER = 10−2 the SNR enhancement about 
{4,1.38} dB for PAS-16QAM, {4.2, 2.01} dB for PAS-

64QAM, and {4.9, 2.9} dB for PAS-256QAM. 

Meanwhile, Figure 13 illustrates the compared symbol 

error performance at m =1 for the composite fading channel. 
For the same entropies used before, the summary of results is 

the SNR gains {4.5, 2.01} for PAS-16QAM, SNR gains {4.8, 

3.15} for PAS-64QAM, and finally, the SNR gains {4.9, 3.45} 

for PAS-256QAM. Again, the proposed scheme introduces an 

excellent SNR gain and SER enhancement in composite 

fading channel conditions. 

6. Conclusion 
The proposed method’s Symbol Error Ratio (SER) was 

estimated using mathematical relationships, supported by 

MATLAB simulation, and compared to a uniformly 

distributed square QAM across the mentioned channels. This 

work presented a framework on how the proposed method 

introduces a trading-off between spectral efficiency and 

energy efficiency and the effect of parameters, the most 

important of which is the number of levels L on the signal 

distribution, which affects the entropy and thus affects the 

performance of the method.  

The Water Cycle Algorithm (WCA) was used to choose 
the optimal parameters so that the distribution of the generated 

symbols matches the optimal distribution. The ease and 

flexibility of this method in generating symbols that follow the 

required distribution by changing the parameter levels (L) or 

changing the repetition groups at each level were also 

demonstrated.  

According to the results of the study, probabilistic 

modulation techniques are considered an excellent choice for 

application in communications systems, especially fifth and 

sixth-generation technologies. However, this technology is 
used in optical communications and ATSC broadcasts. 

According to the results, the system’s immunity to noise and 

fading improved, and it became more efficient and reliable in 

data transmission thanks to PAS, which improved the SNR 

gain. PAS technologies are essential for applications in which 

power consumption plays a key role because, using PAS, it is 

possible to design highly energy-efficient communications 

systems with good spectral efficiency. 

Further study might focus on examining the Bit Error 

Ratio (BER) performance of the PAS-MMRDM. The BER 

analysis of the suggested distribution matcher will depend on 

the selected Forward Error Correction (FEC) method. 
Integrating the process of shaping with coding at optimum 

rates would further improve the SNR gain. 

Another study can be conducted on the use of 

optimization to choose the optimal distribution in terms of 

probabilistic shaping to enhance the system’s performance 

with regard to SER or improve the Achieved Informational 

Rate (AIR) in any communications channel. For example, 

AIR is calculated and sent to the optimizer to generate 

symbols with an ideal distribution that achieves the required 

rate. In the proposed method, the optimal distribution is 

obtained by changing the number of levels L and repeating 
subgroups, just as WCA was used to improve the SNR gain. 
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