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Abstract - Probabilistic Amplitude Modulation (PAS) is one of the techniques that has attracted significant and increasing
interest in recent years in improving system performance, bringing the data rate achievable to the Shannon limit, improving
spectral efficiency, and reducing constellation power. This paper will analyse the average symbol error rate performance of
Probability Amplitude Shaping (PAS). The discussion is based on a Modified Multi-Repeat Distribution Matcher (PAS-
MMRDM) used for wireless communications in Gaussian and fading channels. The analysis includes four different fading
models: Rayleigh channels, Log-normal fading channels, Nakagami-m channels, and Composite Log-Normal
shadowing/Nakagami-m fading channels. Simulation supported and compared the results with input symbols for high-order
modulation schemes such as uniform Quadrature Amplitude Modulation (QAM). It will also be noted that PAS based on
MMRDM provides a significant improvement in the average symbol error rate at a certain Signal-to-Noise Ratio (SNR) or a
significant decrease in the SNR wanted to perform specific symbol error probability compared to uniform QAM for different
cases of channels, for example, the improvement in the net shaping gain of about 1.21, 1.64, and 1.81 dB at Symbol Error Rate

(SER) with entropy rate 4, 6, and 8 bits/symbol, all cases at Symbol Error Ratio (SER)= 10~* when compared with uniformly

distributed symbols of QAM.

Keywords - Log-Normal shadowing, Nakagami-m fading, MMRDM, Probabilistic shaping, Rayleigh fading.

1. Introduction

High Spectral Efficiency (SE) is one of the necessary and
crucial requirements in future communication systems, where
many techniques, such as channel coding, high-order
modulation schemes, and others, play an essential role [1-3].
The traditional transmission of data in most communication
systems cannot utilize channel capacity optimally [4] due to
data having a uniform distribution that leads to a loss reaching
1.53 dB in achievable data rate (Shaping gap) [5]. Therefore,
this transmission type is unsuitable for Additive-White-
Gaussian Noise (AWGN) channels, and the performance will
deteriorate significantly in the fading and multipath wireless
channels [6].

Many studies have been conducted on a large scale
regarding the probability of error in quadrature amplitude
modulation, as well as pulse amplitude modulation in AWGN
and fading channels [6-12]. In all these studies, the considered
input symbols were the uniform distribution symbols. One of
the crucial techniques that have gained increasing and pivotal
interest in improving the quality of communication systems
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and overcoming (the shaping gap) is Probabilistic Shaping
(PS) by optimizing the input symbols distribution through
signal shaping to improve energy efficiency [4, 5].

The resulting distribution of the symbols is a Gaussian-
like non-uniform distribution; by applying it to the QAM
constellation, the transmitting probability of low-energy
constellation points will increase (more repetition) while the
transmitting probability of higher-energy points will decrease
(less repetition). The commonly used distribution to generate
non-uniform signalling is the Maxwell-Boltzmann (MB)
distribution to close the shaping gap and maximize shaping
gain to theoretically (me/6 or 1.53 in dB) [5, 13].

PS is a technology based on trading off power efficiency
for spectral efficiency. Many researchers [14-17] proposed
various Probabilistic Shaping (PS) scenarios utilized in
transmission systems, and the system performance has been
improved in several respects. This reflects the importance of
including probabilistic shaping as an essential part of various
systems in communication structures.
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Recently, there has been increasing interest in
Probabilistic Amplitude Shaping (PAS) coded modulation as
a method to integrate modulation schemes and channel
coding. This approach has gained attention in various
communication systems (wireless and optical).

The structure of PAS is based on a distribution matcher
called the Constant Composition-Distribution-Matching
(CCDM) algorithm, which uses arithmetic coding for shaping.
The performance of CCDM improves with longer data
packets, but this also increases the complexity of arithmetic
coding [18]. Moreover, [19] provides further details on this
topic.

Many researchers have developed a method to reduce
short to medium-block length rate losses. They used Sphere
Mapping to Distribution Matcher (SMDM) in [20]. In [14], a
pas-based Enumerative Sphere Shaping (ESS) was proposed,
which has been proven to perform better than CCDM for small
or medium block lengths when evaluated via the AWGN
channel.

The computational and storage complexity has also been
reduced for short block lengths. However, ESS still has some
limitations and computational complexity and required
storage capacity becomes high, particularly with long data
packets. In optical fiber communications and free space
optical communications [4, 16, 21-25], the PS is presented as
an optimum technique that achieves excellent transmission
rates and distances and maximizes the transmission capacity
and system performance.

This paper will provide an extended study of the symbol
error performance of probabilistic shaping based on a
modified distribution matcher called a Multi-Repeat
Distribution Matcher (MRDM) [26] under AWGN and
various fading channel types. This modification will create
several small lookup tables or groups to generate a shaping
scheme.

The storage capacity required will be significantly
reduced in this process, and it does not need any complex
calculations. The non-uniform distribution is a mechanism
used to shape the probability distribution of symbols in digital
communications.

This technique is similar to the well-known Maxwell-
Boltzmann (MB) distribution. It can be achieved by selecting
the optimum number of levels and symbols that will be
repeated in each level. By doing so, small lookup tables can
be generated, with the same levels required to form the
shaping and deshaping coders.

The resulting distribution is then shaped according to the
required shaping rate, which leads to the efficient use of
available bandwidth and the reduction of the probability of
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errors. First, over the Gaussian noise channel, an analysis of
the Symbol Error Rate (SER) for uncoded M-QAM using
MMRDM is conducted, and a simple approach to analytical
expressions of SER in terms of distribution parameters is
introduced.

The performance of the proposed matcher will be
compared with the traditional uniformly distributed M-QAM
to give a more comprehensive picture of the results obtained.
The PS-MMRDM approach will be extended to derive a
simplified expression SER to estimate MMRDM performance
under the influence of fading over Rayleigh, Log-normal,
Nakagami-m, and composite channels (Log-normal
shadowing/ Nakagami-m) under different conditions.

The relationship between the PAS-MMRDM and rate
parameters is derived to optimize the Probability Mass
Function (PMF), close it to MB distribution, and analyze its
impact on system performance. By changing the number of
levels (L) or repeating subsets mode, the rate parameter value
can be controlled to provide the desired entropy.

The SNR gain is compared between uniform M-QAM
and PAS-MMRDM for all channels in three entropy values
according to 2 different levels (L); for example in AWGN
channel, PS-MMRDM applied to 16-QAM, 64-QAM, and
256-QAM with levels (L) of MMRDM as L= {10,30} for 16-
QAM, L={80,100} for 64-QAM, and L={300,360}for 256-
QAM. The SNR enhancement gained about {4 , 2.2} dB for
PAS-16-QAM, {4.86, 2.87} for PAS-64-QAM, and {5.1,
3.36} for PAS-256-QAM at SER = 10~* compared with the
same degree of conventional uniform QAM.

The theoretical results supported with MATLAB R2022b
simulations show significant results for all channel cases. At
the same time, a higher order non-uniform-MQAM is
compared to uniform M-QAM, which are 16, 64, and 256
QAM at the same level of entropy (H), with values 4, 6, and 8
bit/symbol; similarly, PAS-M-QAM offers a gain in SNR
about 1.21 dB, 1.64 dB, and 1.81 dB at SER = 107,

The paper’s remaining sections are organized as follows:
The concept of MMRDM s described in section 2. Section 3
introduces the relations to generate non-uniform symbols in
MMRDM. Section 4 of this study undertakes a comprehensive
analysis of the symbol error performance of the modified
distribution matcher across a range of channels.

Subsection 4.1. analyses the error performance over the
AWGN channel is presented. Next, in subsection 4.2, the
analysis is expanded to encompass additional fading channel
conditions. Section 4.2.1 details the results under the Log-
normal fading scenario. The Rayleigh fading channel is
presented in subsection 4.2.2, and the Nakagami-m and
Composite Log-Normal shadowing/Nakagami-m fading
channels are presented in subsections 4.2.3 and 4.2.4. Section
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5 provides an evaluation of the analytical and simulation
results of the suggested distribution matcher for all channel
types’ conditions. The final section, Section 6, presents the
conclusions.

2. Description of the Modified Distribution
Matcher

In this work, MMRDM is used as Probabilistic shaping.
This method is based on modified multiple repeat mapping of
combinations rather than sequence permutation. Several
lookup tables or sets are merged in this scheme to generate
output sequences with the desired shaping rate, which
translates to constellation points that resemble the MB
distribution. The shaping process is illustrated in Figure 1
[26].
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Fig. 2 Standard M-QAM constellation

As in [26], the term “L” represents the number of levels
or groups, followed by the assignment of sub-groups, labelled
as Sy, ..., St, each group consists of ¢; symbols. Symbols are
composed of a set of bits arranged in the same sequence as the
constellation, representing the points of the constellation, as
shown in Figure 2. A lookup table is generated for every level
or subset. The tables provide a probabilistic representation of
the input data for a certain packet length [26]. The energy rule
governs symbol repetition; lower energy symbols repeat more
often.
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The shaping process achieved is based on several
parameters that must be obtained: L levels, the N bits/symbol
for M-constellation, ¢, c,, ..., ¢, are the symbols repeated in
each set group, and m is the packet length of the input data.
Parameters are related to each other according to the following
mathematical relationships [26]:

¢ <2V
<
€L =C
2M < ¢ Xy XX ¢ < 2LXN

(
JI W
N

Suppose {p,, is a set of vectors that satisfy the MB
distribution PA’, where

(PA’ = C1 X Cz X ... X CL (2)
Then the block length m will be:
m = |log, ¢;)|+... +llog, ¢,)] 3)

[. | means taking an integer in the downward direction.
The rate (R) of shaping is,

R=m/L><N *)

The size of the MRDM codebook is |Cyrpm| = 2™

The parameter L determines how much the encoder can
deviate from the MB distribution while maintaining a
reasonable complexity. The maximum number of codewords
that can be combined is L x 2™; each codeword contains L
symbols, with each symbol containing N bits. To summarize,
the MMRDM algorithm can be represented by the following
pseudo-code.

Algorithm: MMRDM
Begin
{

Input: specified modulation order M

1. According to the modulation scheme, calculate N

2. Choose the number of levels L.

3. optimize the values of c,,c,,..., ¢, based on the constraint
Equation 1 and must follow Gaussian-like distribution with
desired entropy.

4. Determine m according to the Equation 3

5. Calculate the rate R, according to Equation 4

6. Divide mto L groups; each group contain |log, ¢;)] bits

7. Add extra bits for each group to construct N bits group

Output: L group, each group containing N bits mapped to symbols
according to the M-QAM constellation in Figure 2.

{
End
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M-QAM symbols probabilities are pa(aM) =
[Pa1)Pazs - Pam], @nd there are L groups that have different
probabilities; each group has ci symbols with probabilities as
follows

Group g1 consists of ¢; symbols with equal probabilities
[26]:

1

cL c1
yeaay

1,1

=
L

1
o]

1 1

L

pg, (@) =

Group g2 consists of (c2 - ¢1) symbols with equal
probabilities.

> 5)

Group g consists of (c.-C.-1) symbols with equal
probabilities.

1
Po(ah) = [&,...,

Then, the PS-QAM probabilities become

1
L
-]

)

For example PAS-MMRDM 16-QAM, with L=3, ¢1=4,
C2=8 ¢3=16, m=9, the symbols probability will be,

pa(@a™) =p,y U py,U... Upg,.

1,11
16) — [c1‘c2‘c3
L
1,1
cl'c2

1,1,1 1,1,1 1.,1,1
€1'c2'¢c3 ¢c1'c2'c3 ¢l c2 c3
) )
L
1.1 1
clc2 c2

1,1
cl'c2

pa(a
1.1
cl c2

- [48’48’48’48’48’48’48’48’48’48’48’48’48’48’48’48

Therefore, the storage capacity required in the proposed
method is not 2™ x (L x N) bits as in [29] but will be [26]:

Storage capacity = (L x log, M — m) bits @)

If the selected subsets are the power of 2, but if any subset
ci is not the power of 2, then the storage capacity of the lookup
table for this subset will be

Storage capacity= (s;25% + s3) 8)

Where,
s; = s, = llog, ci] — 1 and

s; = log, M — (llog, ci] + 1).
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As noted from Equations 7 and 8, the storage capacity
required for the suggested method is extremely low, even for
a higher order of modulation or for higher values of L when
compared with [29], where the lookup table becomes
impractical for high values of L, for example, in [29] L = N-1
for 64-QAM, the value of L =5, if the rate R required is 2/3
the length of the output block n = 30 and the length of the input
block m =20, thus becoming the necessary storage capacity to
store the lookup table is 22° x 30 bit, which is impractical,
imagine for M 256 or 1024 QAM or larger value of L. In the
proposed modification, the capacity required for the same
parameters L, R, n, and m will be 10-bit according to Equation
7 [26].

3. PAS-MMRDM Symbols Generation

For M-QAM, N =log, M bits per symbol, and the
constellation symbols’ locations are xi = (a, +3a,...,£(VM —
1)a) + i(+a, +3a,...,+(M — 1)a). As mentioned before, the
input symbols must be chosen from a commonly Maxwell-
Boltzmann distribution to bring the channel capacity to the
maximum in the Gaussian channel. The Maxwell-Boltzmann
distribution can be represented as [5, 18],

p(x) = Ae= M xeR (9)

The parameter 1 = 0 plays a crucial role in determining
the relationship and tradeoff between the average energy.
§ay = 2iL1 Pa(xi) E(x;) and entropy  H(x) =
M pa(x)log,(palx)), the coefficient A(1) must be
chosen to make ), p,(x) = 1 [26].

The entropy value determines the optimal pmf through
the A value. As A approaches 0, the distribution becomes
uniform more, while it becomes more like a reduced variance
Gaussian distribution as A increases.

The Water Circle Algorithm (WCA) will be used to
estimate parameters for a Maxwell-Boltzmann distribution
model fitted to MMRDM probabilities from PAS 64-QAM
symbols generated with L = 100. The estimated parameters of
MB distribution are 2 = 0.0454 and A(1) = 0.2399.

The Gaussian distribution can be approached by the
Maxwell-Boltzmann distribution, which is governed by the
value of the rate parameter A and the order of modulation M.
The formula for the Gaussian distribution is as follows:

(—(X—u)z)
f(x) =a.e\ 202 (10)

The amplitude is a, the mean value is , and the Gaussian
curve standard deviation is 6. By comparing Equations 9 and
10, the Gaussian fit, f(x) parameter a = 0.2399, p = 0 due to
symmetric, and ¢”2= 11.016, where a = A(A) , and 6"2=12A
and as shown in Figure 3.
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4. Proposed Probabilistic Shaping Performance
4.1. Performance over AWGN Channel

The best detection scheme for a probabilistic shaping
modulator is the Maximum A Posteriori (MAP) detector. This
detector considers the prior symbol distribution, while the
Maximum Likelihood Detector (MLD) does not [7, 8]. The
Symbol Error Rate (SER) can be defined by the following
expression [8]:

a is the nearest neighbor’s average number in the symbol
constellation, and € = 2/5 . For square M-QAM, there are
av

(M — 4VM + 4) points with four neighbors, three neighbors

for the (4v/M — 8) edge points and two neighbors for four
corner points. a can be calculated as:

P

N

(11)

1

clc2

FRE UV S il L
—da i dyx4paadyxqtotLx) (12)

1
a

And average symbols energy is,

1

atet
L

S EIE S
cL E(Xl) +c1 CZL CLE(Xz) + .+

1

$av =

1
LE(xy) (13)

Substitute Equations 12 and 13 in Equation 11 to calculate
the symbol error rate at certain SNRs. Let’s take the 16-QAM
as an example; for uniform distribution QAM, the calculated
a and &, are 3 and 10; from Equation 11, the value of SNR
is 19 dB, which gives SER = 107%,

For PAS-QAM with H=3.55 bits/symbol and A=
0.0341, the symbols probabilities p,(a'®) are shown in
Equation 6, and the estimated values of a and &,, from
Equations 12 and 13 are 3.5 and 6, according to Equation 11,
SER =10"* at SNR =16.86 dB.
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The improvement gained in SNR is about 2.2 dB. The
formula in Equation 11 is simple to calculate and is considered
a good approximation of the symbol error ratio across the
AWGN channel.

4.2. Performance over Fading Channels

In a wireless communication channel where fading
occurs, the power of the received signal is affected by a
random variable known as the channel coefficient, h. The
instantaneous SNR per symbol, vy, is calculated as y =
|h|? Es/No, while the average SNR is ¥ = |h|*Es/No.

To evaluate the average symbol error probability, the
integral of the AWGN symbol error probability Py —gam (¥)
over fading Probability Density Function (PDF) p, (y) must
be estimated using the following formula [6]:

Pojrading = Jy Psim-oam (V)P (1)dy (14)

A noncomplicated formula of the Symbol Error Ratio
(SER) in fading channel models is presented, which includes
Rayleigh, Log-normal, Nakagami-m, and Composite Log-
Normal shadowing/Nakagami-m fading channels with
possible conditions.

4.2.1. Performance over Rayleigh Channel

The Rayleigh channel is the perfect choice for analyzing
fading channels. It offers the simplest yet most effective way
to study the instantaneous SNR per bit PDF, with PDF
formulated as:

1
py(y) = _exp (—%) yz0 (15)
Substituting Equations 11 and 15 in Equation 14, we
estimate the probability of a symbol error of PAS-MMRDM

in the Rayleigh channel using the following formula [6, ch.5,
9].

(16)

For the same conditions applied in section 4 and for the
same values of a, €, and SER, the power of channel coefficient
is |h|? = 1, the improvement gained in SNR is about 1.579
dB. Again, there is no need for complex calculations to obtain
SER for the Rayleigh channel.

4.2.2. Performance over Log-Normal Channel

The performance of terrestrial and satellite land-mobile
communication systems is affected by shadowing from
different obstacles, either natural or human-made. For various
environments, indoor or outdoor, the Log-normal distribution
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is the mathematical model utilized to express the Log-normal
fading p, () as [9, 10, 27]:
) v

exp (

_ nm+w?
20'%

>0

py(v) = (17)

1
2710']3 Y

1
I
Where, o7 and u = o7 /2 are the variance and mean of \

Log-normal fading with random variable In(y). When
substituting Equations 11 and 17 in Equation 14, Gauss-
Hermite integration can be used to evaluate the resultant
integration to estimate the probability of symbol error of PAS-
MMRDM in Log-normal fading as in the following formula
[6, Ch.5,9, 10].

a

N (x; |202+p)
|Lognormal = ﬁzi:pl w,; Q (e N7 ,/6y> —
N, (x; [202+w)
% oy Wy Q2 (e NTY Vey) (18)

P

N

Xi and Wy represent the zeros and weight factors of Np-
order Hermite polynomial, and i=1,2,..., Np, respectively and
are given by [28, Table (25.10)]. The order of
polynomial Np affects the accuracy of the symbol error
probability.

From Equation 18, the gain in SNR in the Log-normal
channel is 1.95 (dB) for the same assumptions used in
previous subsections and for the same values of «, €, and SER,
with variance of fading o7 = 0.2, and polynomial order, Np =
20.

4.2.3. Performance over Nakagami-m Channel

Practically, the communication link between two nodes
may experience different fading conditions. Here, the
Nakagami-m distribution is a suitable distribution with an m
parameter that can be used to model a mathematically wide
range of fading scenarios, including special cases like m = 0.5,
a Gaussian distribution with one side.

When m =1, this will represent Rayleigh fading and other
distributions. The Nakagami-m PDF can given by [6, 11].

(2)" exp (

Where m, I'(-) is the fading parameter and gamma
function, respectively.

1

= (19)

- _my
p, () = 7), y=0

The symbol error performance can evaluated by solving
the integration resulting from substitute Equations 11 and 19
in Equation 14. Using the derived definite integral in [6,
Appendix 5A:5], this closed-form expression can be evaluated
as [11].
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Ps|Nakagami—m =

i(g(l - B1,) —%(1 —%B[ G- tanp)1, })
+sin~1(tan"1p) 6,
4 m = integer (20)
1 N l"(m+%)

1 1
raioy X A (Lm+ Lm0,
m = noninteger

a

Where,

c

1+c’

B =

_ £r
2m’

_p2
lo = ZE () (2

4

),

- [cos(tan‘l ﬂ)]z(zk—i)+17

0, = Z?:_f i‘c:l(

(3)

(ZS:(__ii))4i[2(k—i)+1] '

Tik
1+)
m

Tik -
Fi(.;.;.;.) is hypergeometric function.

The value of m spans the Nakagami-m distribution over
many fading scenarios; as an example applied before, let’s set
the value of m to 1, and Nakagami-m becomes Rayleigh
fading. The parameters o, €, and SER applied in previous
subsections will be the same, and the SNR gain will be
approximately the same as gained in subsection 4.2.1, which
is 1.579 (dB).

4.2.4. Performance over Composite Channel (Log-Normal
Shadowing/Nakagami-m)

The Composite fading channel (Log-normal Shadowing /
Nakagami-m) is used to model the congested areas downtown,
which contain a large number of objects at a slow speed, like
pedestrians and vehicles. To obtain py (y ), the instantaneous
fading of Nakagami-m in Equation 19 is averaging over
conditional Log-normal fading PDF in Equation 17; the
resultant is composite PDF as [2, 12].

_m)x
b d

_ (In(W+w?

2
209

) =1y s (%)m exp (

1
exp (
2nod Q

As mentioned before, Gauss—Hermite quadrature
integration with order Np will be used to compute the inner
integral, and the closed integral form will be used to obtain the
following symbol error probability formula [12]:

) aw 1)
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Ps|Composite =
a

2V

-

N;
Z 2 Wy

x](]- ﬁlo) -

{ (5 —tan™?! ﬁ) 1,
+sin~(tan"1B) 6,
m = integer

N F(m+%)
(1+c)M+05 T (m+1)

Fl(l;m+%;m+1;

1-15

a yhp
z:]1 T

4t

)

(22)

=)
1+c

All parameters of Equation 22 are the same parameters
defined in previous subsections except g = /;—’C and ¢ =
J

) 2
A AR 02=0.2, and the order of

polynomlal Np = 20, the SNR improvement is about 1.722 dB
at higher values of SNR than Rayleigh or Nakagami-m fading
channels for the same value of the parameters o, € used in
AWGN channel, where a and € values are 3, 10 for uniform
16-QAM respectively and 3.5, 6 for PAS-MMRDM with L =
3 and subgroups are ¢l =4, ¢2 = 8, and ¢3 = 16.

m = noninteger

5. Discussion and Results
5.1. AWGN Channel

The theoretical SER of PAS-MMRDM given by Equation
11 supported by MATLAB simulation is shown in Figure 4,
where the M-QAM SER with uniform distribution is also
included for comparison. As illustrated in the figure, the
improvement in the performance of the PAS-16-QAM system
isabout 4 dB and 2.1dB in SNR when H={3.1,3.6}bits/symbol
where the rate factor (A1) values = (0.1733 and 0.0683) and
L={10,30}.

At the same time, for PS-64-QAM, the H= {4.6,5.5}
bits/symbol is used for the A (0.1062,0.06868) and levels
(80,100) will be the improvement in SNR about 4.86 and 2.88
dB respectively, and finally the wvalues of the A
(0.0587,0.02947) for H={6.4,7.4} bits/symbol when L
(300,360) was used on the PAS-256-QAM system, the
improvement in SNR will be 5.1 and 3.36 dB respectively.

All results are compared to the QAM system with a
uniform distribution at SER = 107*. It is also noted from the
results that the improvement in the SNR depends on the rate
factor A, which in turn depends entirely on the number of
levels (L) and repetition groups (ci) for each level according
to the modulation order-M.

Another comparison of SER performance will be made
between PS-M-QAM and a regular QAM of lower order M/4
with the same entropy values, which are 4, 6, and 8
bits/symbol, as shown in Figure 5. PS-M-QAM improves SER
compared to regular QAM whenever the modulation rank M
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has increased, as the SNR gain is about 1.21 dB when
comparing PAS-64-QAM with regular 16-QAM at 4
bit/symbol entropy. The obtained SNR gain is 1.64 dB when
comparing PS-256-QAM with uniform 64-QAM and 6-
bit/symbol entropy. Finally, the SNR gain will be about 1.81
dB at H=8 bhits/symbol and PAS-1024-QAM against regular
256-QAM. All cases of SNR gain are measured at SER =
1074,
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5.2. Fading Channels

Under the condition of Rayleigh fading, the MATLAB
simulation results of SER and the theoretical PAS-MMRDM
SER were evaluated using Equation 16 with SER of uniform
M-QAM, which are illustrated in Figure 6. Similar to the
previous cases in the AWGN subsection, modulation order M
is 16, 64, and 256; the entropies, number of levels L, and
repeated subgroups ci are the same.
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Fig. 7 Symbol Error Rate of uniform M-QAM and PAS in rayleigh
fading channel at equal entropies H

The SNR improvement for PAS-MMRDM over uniform
distribution is 4.6,2.1 dB for PAS-16QAM, 4.6,2.65 dB for
PAS-64QAM, and 4.9, 3.3 dB for PAS-256 QAM. While for
cases where the entropies (4, 6, and 8) bits/symbol, the
evaluated gains in SNR are 0.29 dB, 1.07 dB, and 1.38 dB, as
shown in Figure 7, all Rayleigh fading cases evaluated at SER
= 1073. Figure 7 shows that PAS-MMRDM improves the
system performance regarding SER compared with the
uniform M-QAM, which is higher in order even in Rayleigh
fading.

The theoretical (estimated from Equation 18) and
simulation results of SER performance of compared PAS-
QAM with uniform QAM, under Log-normal fading with
fading variance o; = 0.1, are shown in Figures 8 and 9. All
parameters of MMRDM in 4.1 will be used here.
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Fig. 9 Symbol Error Rate of PAS and uniform M-QAM in log-normal
fading channel at equal entropies H

In all cases, PAS-MMRDM improved SNR for all
modulation order M, even when compared at the same
entropy, as shown in Figure 9. For instance, in Figure 8 and at
SER = 107*, the SNR gains are about 4 and 2.1 dB for PAS-
16-QAM, 4.6 and 2.88 dB for PAS-64-QAM and finally 5 and
3.37 dB for PAS-256-QAM. The role is to repeatedly compare
SER performance at equal entropy using entropy (H) of 4
bits/symbol to compare PAS-64QAM with regular 16-QAM,
compare PAS-256QAM with regular 64QAM at the entropy
of 6 bits/symbol, and finally compare PAS-1024QAM with
uniform 256QAM at a net entropy of 8 bits/symbol, as was
used in the AWGN channel in the previous subsection.

Figure 9 shows the comparison results. From Figure 9, an
SNR gain of about 1 dB was obtained at 4-bit entropy, 1.35
dB at H=6-bit, and finally, the gain was about 1.52 dB at H =
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8-hit. All cases were measured at SER=10", as previously
mentioned. It is concluded from the previous results that PAS-
MMRDM gives superior performance over the log-normal
fading channel but less than it does over the AWGN channel.
For the Nakagami-m fading channel, the error performance
will be evaluated for two special cases: first, m = 0.5 (one side
Gaussian), and the other case, m =1 (Rayleigh distribution).
Again, the same parameters of MMRDM mentioned before
will be used here.

Figure 10 shows the comparison in error performance
between the proposed method (theoretical and simulation) and
uniform M-QAM in case m=0.5; the inset shows the
enhancement in SNR at particular SER = 1072. The SNR
gained are {3.9,1.44} for PAS-16QAM at H={3.1,3.6}, for
PAS-64QAM SNR gains are {4,2.12} at entropies {4.6,5.5},
and SNR gains {4.5,3} for PAS-256QAM at entropies
H={6.4,7.4}.
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normal shadowing/nakagami-m) at m=1

Meanwhile, Figure 11 illustrates the compared symbol
error performance at m =1. As shown in Figure 11, the error
performance for Nakagami-m at m = 1 is similar to that in the
Rayleigh channel, as shown in Figure 6. The summary of
results is the SNR gains {4.7, 2.2} for PAS-16QAM, SNR
gains {4.9, 3.45} for PAS-64QAM, and finally, the SNR gains
{5, 3.6} for PAS-256QAM, all results at the same entropies
used earlier. The proposed scheme introduces a reasonable
SNR gain or SER enhancement even in the worst Nakagami-
m conditions.

Figures 12 and 13 show the results of the Composite
fading channel (Log-Normal shadowing/Nakagami-m).
Figure 12 shows the results of error performance for case m
=0.5 and Log-normal fading variance o7=0.1. Another case
will be examined at m =1, as shown in Figure 13.
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In all cases, the proposed method offers a good
improvement in Symbol Error Ratio (SER) at specific SNR
compared to uniformly distributed M-QAM. For instance, for
m=0.5 and at SER = 1072 the SNR enhancement about
{4,1.38} dB for PAS-16QAM, {4.2, 2.01} dB for PAS-
64QAM, and {4.9, 2.9} dB for PAS-256QAM.

Meanwhile, Figure 13 illustrates the compared symbol
error performance at m =1 for the composite fading channel.
For the same entropies used before, the summary of results is
the SNR gains {4.5, 2.01} for PAS-16QAM, SNR gains {4.8,
3.15} for PAS-64QAM, and finally, the SNR gains {4.9, 3.45}
for PAS-256QAM. Again, the proposed scheme introduces an
excellent SNR gain and SER enhancement in composite
fading channel conditions.

6. Conclusion

The proposed method’s Symbol Error Ratio (SER) was
estimated using mathematical relationships, supported by
MATLAB simulation, and compared to a uniformly
distributed square QAM across the mentioned channels. This
work presented a framework on how the proposed method
introduces a trading-off between spectral efficiency and
energy efficiency and the effect of parameters, the most
important of which is the number of levels L on the signal
distribution, which affects the entropy and thus affects the
performance of the method.

The Water Cycle Algorithm (WCA) was used to choose
the optimal parameters so that the distribution of the generated
symbols matches the optimal distribution. The ease and
flexibility of this method in generating symbols that follow the
required distribution by changing the parameter levels (L) or
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