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Abstract — An algorithm for the solution of non-
linear differential equations describing the steady-
state motion (T-periodical) of the mechanical systems
with one of the finite numbers of degrees of freedom is
presented. The initial approximation of the solution is
obtained in a poly-harmonic form, one of the most
significant merits of the proposed approach. Criteria
for estimating the number of harmonics in the
stationary solution minimizes the approximation's
iterations.

A first-order linear differential equation solves the
problem defined in the paper with one degree of
freedom. For the systems with a finite number of
degrees of freedom, the method's application leads to
an extreme task with many variables.

Keywords — the steady-state motion of machine's
units; solution in harmonics; non-linear equations.

I. INTRODUCTION

There are many successive approaches and methods
for the solution of one and multidimensional non-
linear differential equations. Widely known are the
methods of a small parameter, harmonic linearization,
Bubnov-Galerkin's, Lyapunov - Linsted's,
asymptotically of Bogoliybov-Mitropolsky, and others
[1], [2], [3]. Many of them differ in accuracy,
convergence, difficulty, range of applicability, and so
on. Practically there is no universal algorithm or
method for a solution in a poly-harmonically form

applicable to any nonlinearities, respectively equations.

This work proposes an approach and methodology
for solving the classic equations of motion of
mechanical /machine's unit/ systems with one of the
finite numbers of the degree of freedom influenced by
generalized forces depending on the positions and
velocities. In this approach, it is very interesting that
the non-linear equation(-s) solution in its initial
approximation is obtained in poly harmonically form
without no further solution of equations of a higher
order.

II. NOMENCLATURE

q(qi ) — generalized coordinate =1 or,

g =(1...n);
Qm, Qy —driving, restoring forces;

Q(Q;)=Qm —Qr - generalized force;
q=q(t+T) - periodical motion;
Jij =11EIl — the symbol of Kronecer, or unit matrix;

m(q) - generalized mass parameter(-s ).

I1l. THEORETICAL CONSIDERATION

The differential equation describing the motion of a
mechanical system with one degree of freedom is well
known and has the form [4], [5]:

m(@)a(0)+ o7 () T -

=Qum (0,6)-Qr (9,9)=Qy

where

1)

m(q)=m(q+dmy ).

The reduction of mass and inertia characteristics of
a wide range of machines is a function of the position.
Its principal character is depicted in Fig.1, where the

ratio between the maximum of the variation AMp 55
and the constant part mg is within the limits

OSAmﬂsO,S,
Mo
or m(a)=my+Am(q+dny ).

Within the steady-state (stationary) motion, a T—
periodic solution is sought [4], [5] in the form

q(t)=a(t+T)=dot+y(t)

P 4= 705 4=50); ()= -

Assuming that the reduced driving Qy (,¢) and

Qr(.4) resisting forces are represented by the

average integral values of the small variations that
depend on the position and velocity [2], [4], or

Qm (q,Q)=QMO (6)+AQuw (a.4);
Qr (an):QrO (q)"‘AQr (an)-
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Decomposition of (3) in a series of Mac-Loren in
the vicinity of ¢ and (dot) represent only the linear
members —i.e.:

Qwm (,d4) =Quy (do ) +V7 (t) +AQwm (dot,Go ) +
480y (0.0)7(t) , dAQu (a.4)i(1)

(4) da dg ,
Qr (9,6)=Qpy (do) + w7 (t) +AQr (dot, do ) +

880, (0.0)7(1)  4A(@.a)7(0)

dq dq
where
d ) d ]
v:tanHEQM—Q(q); W=tan77=M.
dg dqg
Ma)f $a™Ma)
! i4 .
m, i
,i |
B q
Y ;

Fig 1: The reduced mass characteristic, as a function of (
Fig2 depicts the functions Qu, (d) and
Ql’o (q) the

corresponding to the equivalence of the kinetic energy
of the driving and resisting forces within the period
that determines the machine unit's steady-state motion.

average angular  velocity ,

Fig.2: The average integral values Q) 0 (q ) and QrO (q )

After replacing (2) and (4) in (1) and neglecting the
small members of a higher order, one obtains [4]

27

(5)
dm(cot)

.. 1.,

o] e s
=(v=w)7(t)+Qumq (do) ~Qry (do ) + :
+AQp (ot Go )+ AQy (aot. o )

or

y
m0§f=QMo(q)—Qro(q)zo.z 0o =

= (o5t = CONSt

V—Ww

Sy VW
7t m0+Am(th)y( )

= I:AQM (9ot o) — AQr (ot o )

_0,5qg.dm(%t)/d (qot)]mO—Alm(qot)
= f,(t)

The condition of sustainable cooperation of the
motor (the power) and the working machine is well
known [4], [5] and could be described as follows:

diq[Qro(q)—QMo(q)]D 0,

(6)

from which it follows that
V—W

Al e
Mg +Am(qot) >0, o+ Am(Got) <0

The second equation in (6) is represented by
K(U)+ i (Ox()= T (1)
vV—w ;
f(t)=———~
1(9) Mo +Am(got)
where X=7(t) x=y(t); fy(t+T) and f(t+T)
are the functions in front of y(t) and right of the (6).

The equation (7) is a linear non - homogeneous
equation of the first order whose solution has the form

[5]

(7)

®) G(t)=go+e AL [jeI LIOLINT +c}

The functions f; (t), f,(t) are periodic, satisfying

the Dirihle criteria, and can be expanded in Fourier
series to choose the number of harmonics.
When the variation of the reduced mass

characteristic ~ Am(q) s relatively  small



V S Jivkov et al. / IIME, 5(1), 26-30, 2018

AMpax L 0,2mg (Fig. 1), then the second equation
of (6) is represented by

X(t)+ klx :il:AQM (th,qO)—
Mo

(9) :
. dm(qpt
_AQr (th,Q)—O,Sﬁ = f3(t)
where
klzwm_v; fa(t)=fa(t+T)=
0
= 020; Lssin(spt+5s);p:2_|_—”
S=0

In this case, the solution of the differential equation
(9) can be represented in the following form

% Issin(spt+5S +5:)
(10) q(t)=do+==

K + kg PX AisS?
where

lg = Loy/kZ +5%p? 5::arctg$: Zis =||E| -
1

If the generalized force in the partial case is a
function of the position and velocity of a detachable
type like this:

Q(do.a)= f1(a)+4d*f2(q) ,

so the equation (1) is reduced to a first-order linear
equation concerning squared generalized machine's
velocity, namely

(11)

(12)
do® o[ 1 dm(a) ,fa(@)]_, (@)
d m(q) dg  m(q) | m(a)
which after integration has the form [5]
(13)
f2(a)
2[—=d
oL ) m@ | fla)da
m(a) o200y
e M)
Let us assume that,
f2(a)
—2[—=dq
4 o(q)=e ™9
(13) is transformed into
f2(a)
2[—==~dq
N

28

Under initial condition t=0 ; q=0; §=dg and
m(0)=mg, then [5]

== (0) "2 ~[2fo(a) ()],
(16) 2 2
o(@ym(@) Lo (0)m € = o(a) t(a)¢o
0

It is noteworthy that the equation (16) corresponds
to the first integral of (1) for a conservative system
with one degree of freedom when the force is a

function of the position Q=Q(q) then o(q)=1,
respectively f,(q)=0.

When the generalized force is a function only of the
velocity

Q(d)=Qwm (4)-Qr(d).
then in equation (6), the expression

Qwm (Go)=Qm (do): Qry (do)=Qr (do):

:AQu (dot. do ) = AQy (dot, 4o ) =0
and the algorithm for obtaining the law of motion in
the steady-state model remains the same.

The steady-state motion of a wide range of machine
aggregates (unites) with a finite number of degree of
freedom is described by a system of differential
equations of the first order of the type:

dx
(17) o f(xt),
where
X =X{X,Xp,...X } —Vvector of unknown values;
f ={f,fp,... f;} —vector of no-linear functions;
f(xt)=f(xt+T).

The search for a steady-state motion of the machine
is sought in the area for arbitrary initial conditions

There is only one continuous solution X =X(Xg,t),

whose derivatives are persistent with greater
d¥x

K=~
dt 0

A T-periodical solution for (17) is sought in the
form [6]

f(x,t)="f(xt+T)
B e =gt T)

In accordance with the prerequisites made, it is
assumed that,

(19) é(é:O’t) =20 % (gci COSz—ﬁt + &5 sinz_ﬂ-tj,
i=1 T T

vt
vt
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where n is a preselected number of harmonics to
obtain the required accuracy, and the amplitudes of the
harmonics in the Fourier series satisfy the following
algebraic system [6], [8], [9]:

A _
(20) (-1)2 Z( ] &ei = <o k=(0,2,4....2n)
K . n k-1
(-1)2" Z(ile] §si=g}(,k_1) k=(24...2n)

i=0

From the system of differential equations (17), one
obtains

dx dx
=f(x0)=—
i 0 00)
(21) | d2%x  of(x0) ox  of(x0) d?x
— + e XO
dt2\(t:o) x Mg O dIZ( )
d2nx d2nX
dtz‘(tzo) dt2

If we fix & , the right-hand part of the system (20)
is calculated from (21), and 500 , &i and & are

determined uniquely. The function thus defined (19)
would be a solution of the differential equations (17)
in the type (18) if the relation (22) is fulfilled. This
dependence determines the initial condition of the
desired T—periodic solution within the preselected
poly-harmonic approximation.
T

22)  [[&(&.t).t]dt=0
0

By introducing a small artificial parameter £ =1 in
the right part of (17), the provision of the preselected
precision is evaluated using the function

Sin(2n+1;(77—t)
n-t)=
#7=9 sin7=t
where
= LTt [x()n e -t)n -
(23) °

_g{%if[x ) T (n- —f(xt)dn}l

Following the basic idea of the method of the small
parameter [1], [9], the solution of (17) is expressed by
the following power series

x(t) = xO (1) + ex¥ (1)

The periodic solution of the infant system

(24) + e ().

29

dx(o) 3
dt

(25) =

Ti-(j: f [X(O)(n)n}z(n—t)dn,

is obtained in the manner mentioned above.
The differential equation in the first approximation
has the form

dx®
dt

o of

o) xn =0+

?OX
+f(x(0) )——Jf( 2, ) (n—-tydn,

which makes it possible to estimate the degree of
approximation of the desired solution of (17).

Dependency x® (t)= ) (t)+ )~((1) (t) was b
the superposition of the first n harmonics, and the
higher harmonics of the order of magnitude greater

than n allows separate operation (26).
The degree of satisfaction with inequality

f(xO0)- 1] f(x<o>,t)z(n_t)d,7‘
0

f (x(o)t)

(26)

U1,

The magnitude of the correction given by the higher
harmonics of the solutions in the first approximation
or the authenticity of the priori has chosen poly-
harmonic approximation gives information on the
magnitude of the correction given by the higher
harmonics of the solutions in the first approximation.
IV.NUMERICAL EXAMPLE

One of the periodic solutions of the equation:
27 X+ xS = 0,2cost .

Was found in [10].
The non-linear equation (22) defining the initial

condition [.fo, foj in this concrete case is as

follows:
gl(éo j— | ( x3+O,Zcost)dt=O

(28)
[go’de‘”oj_ d%

2z 3
- t(—x +0,2cost)dt:0
dt dt
The solution of the equations (28) with an accuracy

0

of 5.10_5, if n is equal to 3, is the point with

d
coordinates &, =—0,2069 % =0,0000 for
which the harmonic series of Fourier has the form

x(t)=-0,2067 cost —0,0002c0s3t .
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Fig.3: Values of h (28), calculated in the neighbourhood of the
initial point

The values h=«/gf+g§ calculated in the

neighbourhood of the initial point are depicted in
Fig.3.

V.CONCLUSION

The difficulties for obtaining approximate solutions
of such differential equations are well known when
the classical method (Liapunov — Linsted, asymptotic,
etc.) of the small parameter is applied. It is necessary
to solve these equations by approximations of a higher
order.

The advantages of the proposed algorithm for
obtaining the approximate T-periodic solutions
(steady-state mode of motion) of mechanical systems

30

with one and the finite number of degrees of freedom
is that the desired solution in its initial approximation
is obtained in poly-harmonic form using the criteria
for the extreme number of the harmonics.

The proposed approach to obtaining T-periodic
solutions of multidimensional mechanical systems
leads to a problem searching for an extreme of a
vector-function (22).
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