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Abstract

The paper proposes a new matrix algorithm
and an iterative procedure for searching a periodic
solution of the differential equation of machine units
with one degree of freedom subjected to forces that
depend on speed and position. To search the solution,
an approach for calculating the Fourier series's
coefficients for each iteration of a variant of
Lyapunov's equation is proposed. For illustration, an
example of a machine unit with one degree of
freedom is presented. The periodic solution is in
excellent agreement with similar examples in the
scientific literature.
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I. NOMENCLATURE
@ —angular coordinate;

@° =dg/dt —angular velocity;

® - geometrical period, '=d/dp — first
geometrical derivative;

T=12, (p°2 — kinetic energy of machine
unit;

(@) =Jr(p+ @) Vo -~
momentum of inertia;

M,(,°)=M,(p+D,p°) —reduced
momentum of external forces;

Ty — the subscript denotes the iteration number

of energy.

reduced mass

1. INTRODUCTION

The steady-state motion of the machine unit is
described by the following periodical solution

@’ (@) =(p° + D); V¢ of the differential equation
3¢'¢” +053 97 =M (p.0) o ()

d/de(T)=M;(¢.¢") @

The present case does not deal with the known
partial solution in which equation (1) or (2) permits
analytical integration. _The problem in the
mathematical aspect, in general, is considered in the
literature by the following basic methods [2], [4], [8]:
- harmonic balance, respectively harmonic

linearization;

- averaging with a small increment of the

parameter;
- iterative methods with integrated operators *
Lyapunov, Tricomi, Loshchinin, without

introducing a small parameter.

In the present work, a computational procedure is
proposed based on the methods of Lyapunov,
Loshchinin, Tricomy [1], [2], [3], [4], [7] in which
the desired periodical function is presented in Fourier
series. Final results are obtained by harmonic balance,
wherein the harmonics' coefficients are determined
by matrix calculations, which is a substantial
advantage in computing terms.

The functional relation M, (p,9°) for the

reduced momentum of external force for a wide
range of machine's units is represented as polynomial

by the degrees of the velocity ¢J°| with periodical
coefficients [1], [3] like

M (0. 0°)=3fi(@)9™ ,(0<1<n),Vp (3

I1l. THEORETICAL CONSIDERATION

The mathematical operations are presented below
to realize the iteration procedure presented in a
matrix form for solving the differential equation (1).

A. Derivation of Harmonic Function in Fourie
Series

The  first  derivative of  the
f(p) =f(p+ D), ie.

f(p) =fg+ 2 (fes COSS@ + fg Sinse), (L<s<m) (4)

function

is as follows f(@) =2 (—s f.sSinsg +sfs COSSE) .
The matrix-vector [f] with dimensions (2m+1)
presented by the coefficients of (4) is:

[f]=[fo, o . f fo ForForonf

trans.
Cl’ 021"'11 Cm! Sl! 32!"'1 Sm] (5)

The coefficients of the first derivative of (4) can be
obtained from the following matrix equation

[f1=[[DII.[f], (6)

where [[D]]=diag{0,-1,-2,...,—m, 1, 2,..., m}
and
[f1=[0,—f

trans.

()

2f ,mf,_fg , 2f

e élep Ml T mfs.]
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B. Multiplication of Two Harmonic Series
For example h(p+®)=f(p+®)g(p+D) ,
where
9(9) = 9o + X (ges COSSQ + ggs SiNSP) , (8)
in matrix form can be present as
[h1=[If1l.[9]. ©)
where the matrix-vector [g] presents the harmonics
of (8), or

[91=[o, gy COS ..., Gy, COSM, G SiN ..., G, SiNM ] 2"+

(10)
The square matrix [[f]] is
fo fy cosp  f, cos2e
fy cosp  fe, cos2p fe,, cosmp
M= fCz €0S2¢ me cosmg fSl sing
me sinmg fo fcl cosp f02 €0S2¢ ( 11)
fCm cosme fs,l sing fsz sin2¢ fsm sinme
fysing  fg,sin2p fg,, sinme fo
fs, sin2¢ fs, sinme o fe, cosg
fCm cosme f91 sing fsmi1 sin(m-1)¢p
C. Root Square of Periodic Function
From the dependence
2
flp) =y (). (12)
follows the differential equation
2f(p) y'(9) - fl9) ¥(9) =0, (13)

which in matrix form is recorded by

{2[f()][[D]] - [IPII[f(2)]} [V(9)] =0,

14

If the harmonic series 40
Y(@+ D) =Yg+ Ye COSQ+...+Yg SiINMp,

(15)
is represent as

y(p)=yo @+ yzl CoSQ+...+ y;m sinme),
(16)

where Yo =Y0 Yes 1 Ysg = Yo Yo (l<s<m)
relation (14) can be rearing as
{2[f(@)]o[[DI] o ~ D110 [f(®)] 0 } [y ()]0 = ,
=2[[D]] o[f(9)] -0
a7
where the index "-0" signifies that the columns and
rows in determinants are corresponding to Yy absent.

Coefficients of the harmonics in the function
Y(¢) - (16) can be determined by means of the rule

of Parseval (the equality of the average values)

2 1 *2 *2
Y0 1+§2(ycs+yss) =fg, <s<m).
(18)

D. Iteration Procedure

Sequential iterations for determining the periodic
components T(¢) can be represented by differential

equation concerning the increase of the Kkinetic
energy of the system in two adjacent iterations

ATlé,k+l+ ﬂZATk,k+1 =M, (@1@2)_-“2 (@) . (19)
where Ty (@) is the momentum of inertial forces?

The relation (19) for each iteration is a linear
nonhomogeneous first-order linear equation with
guaranteed periodic solution, which leads to
integrated operators of Tricomi and Loshchinin [5],
[6]. The solution can be obtained by the harmonic
balance method, calculating the harmonics'
coefficients  with  the above  mathematical
dependencies in matrix form.
The steps to solve the problem are as follows:

- set the initial approximation - T(@) ;

- determining the geometric derivative T'(¢) ;
[T'T=IIDIIT ()]

2
- calculated @ as a product of two periodic

functions;
- determining of square root equation (17) - [¢°];

- calculating the reduced momentum M, (¢, ¢°);
- calculating AT ;
{[[O11- LIET}ATI=[M,~T1]
-if [AT/T]<é¢ -theend;
- it is not - a new approximation, and the procedure is
repeated from the beginning. The conditions for

convergence of the iteration depends on the limitation
of the first derivative of the reduced momentum

M, (¢, ¢°) in the interval [5]
Tmin ST <Tqax or
Jp <dM (@ T)/dT<-4, 0<y <. (20)

TABLE |
Values of the kinetic Energy Harmonics Coefficients
To T Ty Te T
Ce
Cs
Cy
Cs -0,00003 | -0,00003
C2 -0.00638 -0,00703 | -0,00703
Cl -0.67568 | -0.75677 -0,75891 | -0,75891
Co | 0 | 705773 | 7.04910 7.04419 | 7,04419
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S1 046811 | 0,43768 042749 | 042749
S, -0.00016 -0,00194 | -0,00194
S3 -0,00007 | -0,00007
Sq
S5
S6

IV.NUMERICAL EXAMPLE

Let's consider a machine unit with the following -
parameters [5]:

M, =2+sing—0.04¢p°* [N m],

J=1[kgm?], 4 =04, 1, =0.69282.

In Table 1, the calculated values of the kinetic
energy harmonics coefficients up to the seventh
iteration are shown. They are estimated using the
proposed matrix algorithm for the periodic solution
1), ).

The presented results match to the fifth decimal
point with those quoted in [5].

V. CONCLUSIONS

The proposed algorithm in matrix form for
searching a periodic solution in Fourier series can be
applied to calculate the harmonic coefficients' values
in functional differential equations with periodic
functions.

The major result of the proposed matrix algorithm
for searching for a periodical solution consists of the
dependencies (9), (17), and (19) here derived.
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