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Abstract - A river flow with sediments of different sizes shows two modes of transport. Fine particles move in suspension, while 

coarse grains are transported as bedload. The process is governed by the Saint Venant equations for water flow, the advection-

diffusion equation for suspended sediments, and the Exner equation for bedload. In our model, erosion and deposition are 

handled separately. The net sediment flux is found from the difference between the eroded and deposited masses. The full system 

is a set of nonlinear partial differential equations. It is solved with the finite volume method on unstructured meshes, using a 

second-order SRNH scheme in time and space. To make the computation more efficient, we use adaptive mesh refinement to add 

resolution where sediment concentration changes fast. The method is tested on several cases that combine flow and sediment 

transport, such as dam-break problems. 

Keywords - Sediment transport, Coupled model, Shallow water. 

1. Introduction 
 Water flow is the primary cause of sediment transport; it 

erodes the riverbed in some places and deposits the 

transported materials in other places. These changes to the 

riverbed alter the river’s topography, which in turn changes 

the flow characteristics [1, 2]. Understanding the phenomenon 

of sediment transport is therefore essential for predicting the 

morphological evolution of rivers and for planning the 

management of infrastructure subject to erosion and 

sedimentation. Erosion and sedimentation processes are 

generally described by empirical laws that depend on flow 

characteristics and bed morphology. These features vary 

considerably over time and space, making bed and flow 

evolution particularly difficult [3].  

In this study, two sediment transport modes are examined: 

(i) suspension transport and (ii) bedload transport [4, 5]. The 

former involves fine particles that are carried in suspension by 

the flow over long distances. In this regime, the concentration 

of the water sediment mixture is governed by the 

hydrodynamic conditions of the flow (e.g., mean velocity and 

turbulence intensity) as well as by the physical properties of 

the particles, including size, shape, and density. 

 

By contrast, bedload transport involves the movement of 

coarser particles that move along the riverbed by: (i) rolling, 

(ii) sliding, or (iii) saltation under the influence of shear stress 

exerted by the flowing water. This transport mode is irregular 

and occurs only when the flow velocity exceeds a critical 

threshold required to overcome gravitational and resisting 

forces. 

These transport modes control channel bed variability and 

river morphological evolution. Sediment transport in shallow 

water flows has been widely studied. Some authors [14] adopt 

a decoupled approach, solving the hydrodynamic equations 

first and then the Exner equation, while others employ a fully 

coupled model. Many studies, such as [4], using the finite 

volume framework, rely on fixed meshes, which limit their 

ability to accurately capture shock waves generated during 

dam-break flows [4-7, 12-14]. 

This study has the objective of developing a coupled 

hydrodynamic-sediment transport model based on the finite 

volume method. This last employs the SRNH (non-

homogeneous Riemann solution) scheme, which represents a 

second-order accurate scheme in both time and space, and is 

implemented on unstructured meshes with an adaptive mesh 

refinement strategy. This approach enhances both accuracy 

and computational efficiency in regions characterized by 

strong water–sediment concentration gradients. The model is 

validated through several numerical experiments, including 

dam-break simulations over erodible beds. The results 

demonstrate the effectiveness of the proposed model and 
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highlight its strong potential for practical applications in 

hydraulic engineering and river management [5, 8]. 

The plan of this paper is as follows:  The 2nd and 3rd 

sections represent the mathematical model and the numerical 

scheme. Section 4 is a brief presentation of the adapted mesh 

procedure. In Section 5, we show in the section 5 the core of 

the work, which is the validation of the method and its 

application to post-dam failure flows. Section 6 is a 

conclusion. 

2. Mathematical Model  
The mathematical model governing sediment transport is 

composed of three highly coupled equations: 

 Saint-Venant equations: these govern the conservation of 

mass and momentum of fluid. 

 Advection-diffusion equation: this governs the transport 

of very fine grains in suspension. 

 Exner equation: this describes the evolution of the 

riverbed over time, taking into account erosion and 

deposition of bottom sediments. 

 The model also includes source terms representing 

friction with the bed and banks, as well as erosion and 

sediment deposition. The mathematical model is written 

as: 

 

Where (𝑥, 𝑦)are the horizontal coordinates, variable 𝑡 is 

the time, (u,v) are the velocity components, and h is the water 

depth. The variable C is the average concentration of the 

water-sediment mixture, 𝑍𝑏 is the bed elevation, g is the 

gravitational acceleration. 𝐴𝑔is a coefficient belonging to the 

interval ]0,1[, 𝑝 is the porosity, 𝜉 =
1

1−𝑝
, ϱ=𝜚𝑤(1 − 𝐶) + 𝜚𝑠𝐶 

is the density of the water sediment mixture, 𝜚0 = 𝜚𝑤𝑝 +
𝜚𝑠(1 − 𝑝) is the density of the saturated bed, 𝜚𝑤   is water 

density, 𝜚𝑠 is the density of solid particles. 𝑆𝑓
𝑥and 𝑆𝑓

𝑦
 are the 

frictional stresses defined by Manning’s relations: 

 

𝑆𝑓
𝑥 = −𝑛2

𝑢√𝑢2 + 𝑣2

ℎ4/3
, 𝑆𝑓

𝑦
= −𝑛2

𝑣√𝑢2 + 𝑣2

ℎ4/3
 

 

𝑛 is the Manning coefficient. 

 

 When the fluid velocity increases, we observe an increase 

in suspended particles; conversely, when the fluid velocity 

decreases, we observe an increase in particle deposition. The 

net balance between particles that settle and those that float 

will be represented by D and E. The deposition (D) and 

erosion (E) terms are empirically defined as: 

 

𝐷 = [√(
13.95𝜈

𝑑
)
2

+ 1.09 (
𝜚𝑠
𝜚𝑤

− 1)𝑔𝑑 − 
13.95𝜈

𝑑
] (1

− 𝛼𝐶). 𝛼𝐶 

and 

𝐸 = {𝜂(𝜃 − 𝜃𝑐)ℎ
−1𝑑0.2√𝑢2 + 𝑣2    if 𝜃 > 𝜃𝑐

0                                                otherwise
 

 

Where 𝜈 is the kinematic viscosity of water, d is the 

diameter of the grain, 𝛼 is an empirical coefficient given by 

𝛼 = 𝑚𝑖𝑛 (2,
1−𝑝

𝐶
) and θc is the critical Shields parameter, 

which has an experimental value of θc=0.047, 𝜂 is a 

coefficient that controls erosion, and 𝜃 =
ℎ𝑆𝑓

(
𝜚𝑠
𝜚𝑤
−1)𝑑

 is the 

dimensionless shear stress. 

The system (1) without source terms is strictly hyperbolic, 

let 

𝐴 = [
𝜕𝐹

𝜕𝑥
] and 𝐵 =

𝜕𝐺

𝜕𝑥
 

be the Jacobian matrices associated with F and G. For any 

direction n = (𝑛𝑥, 𝑛𝑦), the Jacobian matrix in the direction n 

is defined as: 

𝐽 = 𝐴𝑛𝑥 + 𝐵𝑛𝑦    (7) 

 

3. Discretization Scheme 
3.1. Non-Homogeneous Riemann Solution Scheme (SRNH-

Scheme) 

 The finite volume method consists, in a first step, of 

partitioning the domain Ω into triangles 𝑇𝑖 . This choice offers 

great flexibility for handling complex geometries or for mesh 

refinement [5, 6]. Here, we consider a cell-centered 

formulation, where the mesh triangles coincide with control 

volumes. 

 

The variational form of the problem (1) is: 

∫
𝜕𝑊

𝜕𝑡
𝑑Ω

𝑇𝑖
+ ∫

𝜕𝐹(𝑊)

𝜕𝑥
𝑑Ω

𝑇𝑖
+ ∫

𝜕𝐺(𝑊)

𝜕𝑦
𝑑Ω

𝑇𝑖
+ ∫

𝜕𝐺(𝑊)

𝜕𝑦
𝑑Ω

𝑇𝑖
=

∫ 𝑆(𝑊)𝑑Ω
𝑇𝑖

+ ∫ 𝑄(𝑊)𝑑Ω
𝑇𝑖

   (8) 

Applying Green’s theorem to 𝑇𝑖  with area 𝐴𝑖, we obtain: 
𝜕𝑊𝑖

𝜕𝑡
+

1

𝐴𝑖
∑ ∫ ℱ(𝑊, 𝑛𝑖𝑗)𝑑ΓΓ𝑖𝑗

3
𝑗=1 = 𝑆𝑖 + 𝑄𝑖  (9) 

 

● 𝑊𝑖 , 𝑆𝑖 , 𝑄𝑖 are the average values over the cell 𝑇𝑖  

● Γij is the interface between  𝑇𝑖 and 𝑇𝑗. 

● nij=(nx,ny) is the unit normal directed from  𝑇𝑖 to 

𝑇𝑗. 

● ℱ(𝑊, 𝑛𝑖𝑗)=𝐹(𝑊).  𝑛𝑥 + 𝐺(𝑊). 𝑛𝑦 

 

We use the explicit Euler scheme to discretize time: 

𝑊𝑖
𝑛+1 = 𝑊𝑖

𝑛 −
∆𝑡

𝐴𝑖
∑∫ ℱ(𝑊, 𝑛𝑖𝑗)𝑑Γ

Γ𝑖𝑗

3

𝑗=1

 

+∆𝑡. 𝑆𝑖
𝑛 + ∆𝑡. 𝑄𝑖

𝑛     (10) 
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 We omit the term Q, which will be calculated later by a 

partitioning procedure [9], then we have: 

 

𝑊𝑖
𝑛+1 = 𝑊𝑖

𝑛 −
∆𝑡

𝐴𝑖
∑ ∫ ℱ(𝑊, 𝑛𝑖𝑗)𝑑ΓΓ𝑖𝑗

3
𝑗=1 + ∆𝑡. 𝑆𝑖

𝑛 (11)  

 

 We use the numerical flux ℱ(𝑊𝑖 ,𝑊𝑗 , nij) to calculate 

convective flux: 

 

∫  
Γij
ℱ(W,nij)𝑑Γ = ℱ(𝑊𝑖 ,𝑊𝑗, nij)|Γij|     (12) 

Where |Γij| is the length of the edge Γij . 

By construction of the SRNH scheme (Non-

Homogeneous Riemann Solver), the numerical flux is given 

by: 

ℱ(𝑊𝑖 ,𝑊𝑗,  nij)=ℱ(𝑊ij
n,  nij) 

Where 𝑊ij
n is determined in the prediction step by: 

𝑊𝑖𝑗
𝑛 =

1

2
(𝑊𝑖 +𝑊𝑗) −

1

2
sgn[𝐽(𝑊̅𝑖𝑗

 𝑛, nij)](𝑊𝑗 −𝑊𝑖)        (13) 

 𝑊̅𝑖𝑗
 𝑛 is the Roe average on the interface Γij. 

 𝐽(𝑊̅𝑖𝑗
 𝑛, nij) =

𝜕𝐹

𝜕𝑥
𝑛𝑥 +

𝜕𝐹

𝜕𝑦
𝑛𝑦  is the Jacobian matrix (7) 

evaluated at the Roe average state 𝑊𝑖𝑗
𝑛 at time tn. 

 sgn[𝐽(𝑊̅𝑖𝑗
 𝑛 , nij)] represents the sign matrix of  𝐽(𝑊̅𝑖𝑗

 𝑛, 

nij). 

The solution at the time tn+1 is then determined in the 

correction step by: 

𝑊𝑖
𝑛+1 = 𝑊𝑖

𝑛 −
∆𝑡

𝐴𝑖
∑ F(𝑊𝑖 ,𝑊𝑗, nij)|Γij|
3
𝑗=1 + ∆𝑡. 𝑆𝑖

𝑛 

  (14) 

 

 For more details on the calculation of the sign matrix and 

source terms, we refer the reader to references [5, 6]. 

3.2. Temporal Discretisation 

 We discretize time using a second-order Runge-Kutta 

scheme; for this, we use form (9) of our system to be solved: 
𝜕𝑊

𝜕𝑡
= ℒ(𝑊) 

Then we have : {
𝑊̅𝑛+1 = 𝑊𝑛 +

∆𝑡

2
ℒ(𝑊𝑛)

𝑊𝑛+1 = 𝑊𝑛 + ∆𝑡ℒ(𝑊̅𝑛+1)
 

4. Mesh Adaptation  
The choice of mesh density will influence both the 

computational cost and the quality of the numerical solution. 

Capturing the solution in shock zones requires a very fine grid. 

However, in complex flows, the regions where these shocks 

occur are not known a priori. It is therefore not possible to 

construct an optimal mesh from the start, i.e., a mesh capable 

of accurately capturing shocks with a minimal number of 

elements. The best strategy is then to adapt the mesh during 

the computation, either by enriching it or by optimally re-

meshing it as the solution evolves. 

 

The algorithm used here relies on a multi-level data 

structure. It dynamically remeshes the computational domain 

as the solution evolves. In practice, the solution is calculated 

on a coarse mesh, areas where the gradients of the variable 

chosen as the refinement criterion (here, concentration) are 

strong are identified, and these are subdivided into four 

triangles. Conversely, cells where the solution is smooth are 

derefined [3, 5]. 

  

The coarse mesh elements are called “triangles of level 0 

“, while their sons are “triangles of level 1”, and so on ( figure  

1). 

 
Fig. 1 Refinement: (a) Level 0, (b) Level 1, (c) Level 2. 

 

5. Numerical Validation  
5.1. C-Property: Study Flow Over a Hump  

On the square domain [0,100]×[0,100] we consider  hump 

of equation [11] : 

𝑍(𝑥, 𝑦) = 0.8exp (−50 (
𝑥

100
− 0.5)

2

− −50 (
𝑦

100
− 0.5)

2

) 

 

Initially, the water height is given by: 

ℎ = 2 − 𝑍(𝑥, 𝑦) 
 

and the fluid is at rest. On the boundaries, we impose the 

Neumann conditions. 

 

We use two types of mesh: the first is structured and 

contains 8281 nodes and 16200 elements; the second is 

unstructured and contains 800 nodes and 1502 elements. We 

stop the calculations at t = 200 s. 

 

The error, defined by ε = ||𝑍 + h − 2|| , is  ε =

 0.7958 10−16 on the first mesh and 𝜀 =  0.8499  10−16  on 

the second mesh. So, despite the variation of the bed elevation, 

the free surface remains horizontal; we can therefore certify 

that the scheme verifies the C-property. 

 
5.2. Dam Break Over Mobile Bed 

 The first application concerns the flow after a dam break 

in a rectangular channel with a flat bottom. The channel is 

50,000 m long and 1,000 m wide; the sediments are assumed 

to be non-cohesive with a diameter d = 8 mm. The 
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computational mesh is structured and comprises 10,521 nodes 

and 20,000 elements (Figure 2). We start with the following 

initial conditions:  

{
ℎ(𝑥, 𝑦) = {

40 𝑚 if 𝑥 ≤ 25,000 𝑚
2 𝑚 if 𝑥 > 25,000 𝑚

𝑢(𝑥, 𝑦) = 0 𝑚/𝑠;   𝐶(𝑥, 𝑦) = 0.001
 

Our objective with this test is to compare the SRNH 

scheme with the modified-Roe scheme described in reference 

[8]. Figures 3 and 4 show, at times t=5, 10, 15, and 20 min, the 

free surface profiles. Figures 5 and 6 show profiles of 

concentration at the same times. All these figures are obtained 

along the y=500 cross-section. Very good agreement is 

observed between the two approaches, confirming the 

reliability of the proposed method. 

 
Fig. 2 Structured mesh 

 

5.3. Partial Dam Break Over Erodable Bed 

 The computational domain is a square reservoir 

measuring 200 m x 200 m with a flat bed. Initially, a dam of 

thickness 4 m is located at x=100 m. This dam contains a 

breach of 75 m long (Figure 7). The sediments are assumed to 

be non-cohesive with a diameter of 2 mm.  

 

We start the calculations on a structured mesh containing 

2,601 nodes and 4,938 elements (Figure 8). However, the 

computations are performed on an unstructured mesh that 

evolves dynamically through a regular 

refinement/derefinement procedure. 

The initial conditions are: 

 

{
 
 

 
 
𝑍(𝑥, 𝑦) = 0                                 

𝑢(𝑥, 𝑦) = 𝑣(𝑥, 𝑦) = 0              

ℎ(𝑥, 𝑦) = {
10, if 𝑥 ≤ 100
1, if 𝑥 > 100

𝐶(𝑥, 𝑦) = {
0.01, if 𝑥 ≤ 100
0, if 𝑥 > 100

 

Figure 9 shows the dynamic meshes obtained by applying 

the mesh refinement/derefinement procedure at times t = 2, 4, 

6, 8 s. Figure 10 shows the bed shape isovalues at the same 

times.  

 

 
Fig. 3 Evolution of free surface and bed erosion at times t=5, 10 min  
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Fig. 4 Evolution of free surface and bed erosion at times t=15, 20 min 

 
 

 
Fig. 5 Evolution of concentration at times t=5, 10 min 

 
 

 
Fig. 6 Evolution of concentration at times t=15, 20 min 

 

 
Fig. 7 Computational domain 
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Fig. 8 Initial mesh 

Figures 11 and 12 present the free surface and 

concentration isovalues at the same times. Figures 13 and 14 

show the values of the free surface, bed shape, and 

concentration along the y = 125 section at times t = 2, 4, 6, 8 

s for the particle with a diameter of 2 mm. 

  

 Firstly, we compared our results obtained by the SRNH 

scheme with those reported in reference [8] obtained by the 

Modified-Roe scheme, and we can certify that they are in very 

good agreement. 

 

 We note that the choice of concentration gradient as an 

indicator of refinement proves to be excellent; we observe that 

the mesh is very dense in the vicinity of the upstream and 

downstream wave fronts and that it follows the movement of 

these wave fronts well (Figure 9). 

  

 As expected, grain size has a significant influence on the 

free surface profile. In the presence of fine particles, we 

observe the appearance of a pronounced hydraulic jump, 

resulting in an abrupt transition in the flow regime. In contrast, 

for larger sediments, the transition is less abrupt. 

  

 Furthermore, the extent of bed erosion depends strongly 

on the size of the sediments. When sediment particles are fine, 

erosion is greater: a larger quantity of bed material is easily 

suspended and incorporated into the water-sediment mixture.  

 

Conversely, for coarser sediments, erosion is 

considerably lower. This behavior is expected and 

straightforward, as smaller particles are transported 

effortlessly by the flow due to their lower settling velocity and 

reduced resistance to shear forces. 

 

As for the concentrations and as illustrated in Figure 14, 

one can clearly observe that the finest sediments correspond 

to higher concentration values.  

 

This is mainly observed for the concentration curve 

related to d=2mm and d = 8 mm at t = 8 sec. Besides, the 

wavefront undergoes lateral expansion, as shown by the 

concentration profiles at t = 8 sec. This expansion is more 

pronounced for the finer sediments, which remain in 

suspension longer.  

 

This can be physically explained by the fact that fine 

particles have a lower sedimentation rate and tend to disperse 

more easily, while coarse particles settle more quickly under 

comparable hydraulic conditions. 

 

6. Conclusion 
The objective of this study is the development of an 

efficient numerical approach for modeling sediment transport, 

including both suspension and bedload methods. The used 

mathematical model couples the Saint Venant equations 

together with the convection-diffusion equation and the Exner 

equation.  

 

The numerical implementation is based on the finite 

volume method using the SRNH scheme, which employs a 

second-order Runge-Kutta technique for time integration and 

the Minmod limiter to achieve second-order accuracy in 

space.  

 

It has been observed that the implementation of an 

adaptive mesh refinement strategy based on concentration 

gradients improves the computational efficiency while 

enhancing wavefront resolution. 

 

The used method was validated through several tests, 

including verification of the C-property, dam break 

simulations, and partial dam failure scenarios, showing 

excellent agreement with the already published results in the 

literature.  

 

Another important aspect that has been addressed is the 

influence of sediment grain size on bed evolution and water-

sediment mixture concentration. Results highlight that finer 

grains result in greater erosion and higher transport in 

suspension. 

  

Besides, coupling the second-order SRNH scheme with 

adaptive mesh refinement yields a stable, efficient, and 

accurate approach (in comparison to the literature), 

highlighting the model’s strong potential for hydraulic 

engineering and river management applications.
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Fig. 9 Dynamic meshes at times t = 2, 4, 6, 8 s 

 
Fig. 10 Bed shape isovalues at times t = 2, 4, 6, 8 s 
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Fig. 11 Free surface isovalues at times t = 2, 4, 6, 8 s 

 
Fig. 12 Concentration isovalues for at times t = 2, 4, 6, 8 s 
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Fig. 13 Free surface and bed erosion at times t = 2, 4, 6, 8 s 

 
Fig. 14 Concentration profiles at times t = 2, 4, 6, 8 s 
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