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Abstract— Stochastic Frontier Analysis plays a vital role in
the field of mathematical production modelling which is
relevant to several sectors like agriculture, health, banking,
finance, education, etc. This paper focuses on the derivation
of a stochastic production frontier model using Normal
distribution and Truncated Skewed- Laplace distribution,
namely Normal-Truncated Skewed Laplace Model and the
maximization of technical efficiency. This is a generalized
form of the Normal-Exponential model. We compute the
technical efficiency of a Normal Truncated Skewed Laplace
Stochastic Production Frontier Model. The parameters were
evaluated using Maximum Likelihood estimation and the
maximization of technical efficiency was examined using the
second order partial derivatives estimated with respect to the
parameters.

Keywords— Technical Efficiency, Normal Truncated
Skewed Laplace Distribution, Maximization.

Introduction

Stochastic Frontier Analysis is a mathematical modelling
technique widely used in the estimation of efficiency scores.
The Stochastic Frontier Analysis was first proposed by
Aigner et al (1977) M and Meeusen and Van de
Broeck(1977). The purpose of Stochastic Frontier Analysis
is to measure how efficient a producer is with the given
observations of input and output by using two error terms, u
and v. This method is often found to be useful in estimating
the values of function in production. Cobb and Douglas
(1928) Bl Arrow et al (1961)M, Berndt and
Christensen(1973)P1 and their followers considered the
production function to be more flexible in that it needs to take
into account some random noise that can affect the
production process

Kumbhakar and Lovell (2000)  described Production
Frontier as “minimum input bundles required to produce
various outputs, or the maximum output producible with
various input bundles, and a given technology”. Producers
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operating on their production frontier are said to be technically
efficient, and the producers operating beneath their production
frontier are said to be technically inefficient. The parameters
were estimated on the basis of the Aigner and Chu (1986)[,
Afrait (1972)], and Richmond(1974)l. The Technical

Efficiency of a producer is given by TE; = m
U, A

which defines Technical Efficiency as the ratio of observed
output to the maximum feasible output, conditional
on exp{v;}. Technical Efficiency can be attained by the
exponential conditional expectation of u given the composed

error term €, which is given by TE; = exp [—E (u"/ei)]

The paper focuses on four major sections namely

Section 1: Estimation of Normal-Truncated Skewed Laplace
Stochastic Production Frontier Model(NTSLSPFM)

Section 11: Measurement of Technical Efficiency of Normal-
Truncated Skewed Laplace Stochastic Production Frontier
Model.

Section Ill: Estimation of Parameters Using Method of
Maximum Likelihood Estimation.

Section 1V: Maximization of Technical Efficiency of a Normal
-Truncated Skewed Laplace Distribution

I: Estimation of Normal-Truncated Skewed Laplace
Stochastic Production Frontier Model(NTSLSPFM).

In the process of estimation of Stochastic Production Frontier
Model, the following assumptions were made

i. v;~ iid N(0,0,%)
ii. u;~ iid Truncated Skewed- Laplace
Distribution
iii. u; and v; are distributed independently of
each other and of the regressors.
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The probability density function of v is given by

—2
fw) =$exp{%},—oo <v < oo (1)

The probability density function of u is given by

fw) = ¢((12;i)1) {2 exp (_¢) —exp [ (1+A)u]} whereu > 0,¢ >0,1>0 )

Since u and v are independent

fwv) = f)f @)

fu,v) = —=exp {%} : (;(;?1) {2 exp (%‘) — exp [‘(17’?’1)“]} .
faw = mtspew (-5 -5) - ew [ -5 @

Substituting v = u+€

-y _re?  w) _ _e?  +du
f(u,v)—gm(p(z“l){Zexp( 202 ¢) exp[ 202 ) ]} ®)

The marginal density function of € is

f© = fwe)du

_ oo (1+2) _(+e)? u (u+E)2 (1+)u
f&)= fo oVZTP(2A+1) {2 exP( 202 qb) exP[ ¢ ]} du ®)
2(1+2) (u+E) _u _ (1+2) [ _ @+e)?  (1+Au
f&)= m/ﬁ¢(2/1+1)f ex p( ¢>) du oV2mp(2A+1) fO exp[ 202 ¢ ] du U

_ 2(1421) €t L ue)  u _ (1+21) o0 _(ur € ue\  (+Du
f(E) ax/2n¢(21+1) exp [ (202 + 202 + 02) ¢] du oV2rp(24+1) fO exp [ (202 + 202 + 0’2) 1) ] du
8

1O = i h o[- Gt 3) -§lew (55) - G e [ Gat ) - ew (55 a0

1 = e () e |- 5+ 2) =3 - it (<) o[- () 22
(10)

10 = gt (~za) e [5Gt 55+ )| - e (- 350) 0 e [ G+ 57 4 255 | aw an)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 55



file:///C:/Users/Mohan/Downloads/www.internationaljournalssrg.org
Deepa
Text Box
107

Deepa
Text Box
        ISSN: 2231-5373                           http://www.ijmttjournal.org                             Page 55


Deepa
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Special issue - February 2018


Deepa
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Special issue - ICRMIT March 2018



International Journal of Mathematics Trends and Technology (IJMTT) - Special issue - ICRMIT March 2018

2 2

_ _ 204D (_i) © [_1(u_ ue 2w € & o of 2_6_2_6)] _
f(e)_a\/ﬁqb(zlu)exp 202 fO Nl 202+02+¢+02 02+¢2 ¢2+¢ ¢ du

(1+2) _ €\ (™ _1(u* | 2ue | 20+Mu | €2 € g% o2 201+De  2(1+A)E
oV2mp(2A+1) exp( 2 2) fO exp[ 2(20—2 + o2 + ) +02 o2 +¢2 @2 + ¢ ) )] du

_ 2(1+2) €2 o 1/u €  o\2 1 €2  ¢2 2€
F© = i o (—52) Iy exp [— JG+i+3) ] exp |5 (~5-5-5)|du-

1+4) €2\ roo 1(u €  oc1+M)\?2 1/ € o2 201+1)e€
@ (-32) Iy e [—5(;+;+ 5 ) ]e"P G| TN EE)
2wy (& Y82 29\ (e [ 1 €1 0V g —
fe = V2P (2A+1) exp( 202) exp[ 2( o2 @2 ¢)] fo exp [ 2 (a + o + ¢) du
(1+1) e 1 € g% 201+A)E\] (o _1fu, € o(1+d))?
o2 p(2A+1) exp ( 202) exp [ 2 ( o2 @2 ¢ )] fO exp [ 2 (0’ + o + ¢ ) ] du (14)

_ 2+ NPT Y Y N GO o DA €5 ) _ ey € oty
f&) = o2 p(2A+1) exp( 202 + 202 + 2¢2 + ¢) fO exp [ 2 (a + o + ¢>) ] du oV2mp(2A+1) exp ( 202 + 202 + 2¢2
(1+1)€e\ oo _1lfu € o(1+d) 2
— )fo exp[ 2(U+U+—¢ )]du (15)

(12)

+

20142 62 €\ (o 1(u €  o\? (1+2) d2(1+)2 . (14+A)E\ oo 1(u €
f(e)—mexp(ﬁW)fo exp[—g(ﬂ#a)]d“—gmmmexp( 202 | o )5 exp[—a(;+;+

c(1+A))2
2 ] du (16)

Letz=(§+§+%) and dz=—§du

Limits:

u|o 0

z E-I-z %)
o

¢
(v, €, QAo
Andz—(a+a+ ¢)
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Limits:

"l e 1+ Ao
2| €, A+Ao |

a (0]
20140 B N 22 . awn 62(140)2 | (14+A)€) oo 2 ,

f&) = ovzrgar) SXP (ﬁ + 5) f§+% exp ( 7) odz ovznpirD) P ( 2¢)2 + @ ) f§+$ exp ( 2 )adz

17)

_ 2(1+1) A T €52 o2(1+20)?  (1+A)e € ag(1+d)

f(E) T p(2A+1) exp (2¢2 + ¢) (1)( o ¢) ¢ (2A+1) exp ( 2¢2 + ) )(l) (a 1) ) (18)

TO FIND MEAN AND VARIANCE

E(e)=E(v—uw)=EWw)—Em) =0—-E() (19)

E(e) =—E(w) (20)

E(w) = fom uf (w)du (21)
_ o (+d) —u) _ —a+hu

Ew) = |, u¢(n+1){2 exp((p) exp[ . ]} du (22)
@@+ u [ -(1+Mu

E(w) = 2@ieD [f 2u exp ( - ) du fo u exp [—4) ] du] (23)
_ (1+A) 2

Ew) = $(2A+1) [2¢ @) - (1+/1)2 F(Z)] (24)

. " i . @R @+ (e+1) _ 1
Using k™ moment of X-gamma function E (u) = 2D [ (1+/1)k+1]
oF+1 (1+ )T (k+1) 1

Eu) = a+D) 2- (1+/1)k+1] (25)
etY)) 2 . _

E@) = (ZM)[ ¢ (M)z (since T(2) = 1) (26)
_ (140 [2¢*(1+1)2-¢?

E@w = ol a+a? ] (27)
_ 2¢%(1+1)*-¢?

E(u) - d(22+1) [ (1+24) ] (28)
_ ¢ 2(1+1)%-1

E(w) = A+ L (1+1) ] (29)
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E(u) =

E(u) =

2(1+A)2—1]

(2A+1) a+1)

2+2,12—4,1—1]

(22+1) [ (1+21)

1+24%-41-1

E(u) (]5 [(1+A)(21+1)

14222-42-1
E(u) ¢ [(1+/1)(ZA+1)
14+24%2-42-1 .
E(e)=—¢ [(1+A)(2/1+1) (sinceE(e) = —E(u))

E(?) = fooo u?f(u)du

E(?) = fow 2 %{2 exp (%) —exp [%]} du

E(?) = ¢((12;i)1) [f 2u? exp (?u) du — f u exp[ (1”)11] du]

£ = 2 Pt 1) - 25 1)

E(?) = ¢((12;i)1) [4¢3 - (1233)3] sincel'(3) = 2)

R

o - ey

B = i ]

Var (w) = Ew?) — (Ew))

var @) = 255 G- o [l

var (0 = S ] -

Var (w) = 2¢2(2/1+1)[2S:ﬁ))i;;j;f)i[z(uay_1]2

Var ) = e~ G~ T

Vor 0 - 0t gttt

Var (w) = 4¢2(1+2) 2¢2 _4pta+nt ¢? 4¢2(1+2)?

(22+1) 1+D)2(A+1) (1+AD)2(22+1)2 (1+)22A+1)2%  (1+1)2(21+1)?
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_49%(1+d) 2¢? _49Pa+n® ¢? 4¢?
Var W ==y ~ @nrann ~ @r: @i T @i

49%(1+1) 2¢2 _49P()? 2 n 4¢?
(24+1) (1+A)2(22+1) (2A+1)2 (1+)2(22+1)2  (22+1)2

Var(e) = 0,% +

II: MEASUREMENT OF TECHNICAL EFFICIENCY OF NORMAL-TRUNCATED SKEWED LAPLACE

STOCHASTIC PRODUCTION FRONTIER MODEL

Technical Efficiency TE = exp[—E (u/¢)]

fwe)
fu/e) = T

a+n  (,, p( (u+€)? u)—ex (u+€)? (1+/1)u]}

a\/ﬁ¢(21+1)l 262 ¢ 202 [
f(u/e) 2(142) (02 ,e) ( € o‘) (1+2) (02(1+/1)2 (1+/1)e) ( € o'(1+l))
FYCRFE Rl vy L Gy ey mey 242 e )%

2 2
(@+2) {( Zex’g( FXars )exp[ (5+5+3) ]_ \}
2
kex 2(1+A)2 (1¥)E)exp[ 1 u € 6(1+A) ])

oV2np(2A+1)
T 292
f(u/e) = 2(1+2) a2 € € o (1+1) 02(1+/1)2 (1+/1)e € a(1+A)
¢(21+1)°xl’(2¢2T¢)¢( v ¢) P@A+D° ( 242 @ )4’( @ )

2(141) % € 1u €, 0\ (142) a2(1+1)? | Latne u €, 0(1+1)
oVZp(2A+1) (2¢2T¢)exp[_5(aTaT¢) ]_ a\/ﬁ¢(zz+1)cxp( 2¢2 ¢ )exP[ (a+a+ ) ) ]
f(u/e) - 2(1+4)

sormee (gt g) (55 aammer( o+ o525 )

2 2 2 2
B(u/e) = fmu”‘%;gi“) ex; (2¢2 )exp[ Z i:g) ]_ axTSz;(llz)A+1)°xP(U (21;21) ;(H;;)E>exp[ (H+E+a(1¢;+/1)) ]
° e e e e e )
2
mén(;gx)lﬂ)“xp(zt;z )fo uexP[ (G g) ]du_

(1+2) o?(1+0)?  (1+1)e 1u € o(1+A)
_ VIRt x”( 262 T @ )fo uexp) - (a+a+ ® ) ]d”
E(u/e) 2(1+4) " (02 ,e)¢( € a) (1+4) (02(1+A)2,(1+A)E)¢( € a(1+/1))
P+ P 2927 o @) peirn* 202 7 @ o ¢

Lett=(§+§+%)

du

de =&
o
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€ [
u—O’(t—;—g)

Limits
u |t
€ o
0 €.
(0]
(o] [0e)

Letz=(§+§+$)

dz = %u u=o(t _£_coa+h

)
Limits
ul|o oo
Z|€ N o(1+24) | o
o ¢
2(1+4) g% €\ (o € o t2
sapain™(575) fergot=sy exp|-|oac-
1+24) 2(1+02% (142 (1+2) 2
J\Tnl;(zlﬂfxp(J 21;2 i 1+¢ E) fg%(g'kg'kg 1<; )exp[—z?]adz
E(u/e) = 2 2 P (58)
(1+2) \ a1+ 1+ A+ (1+4)
2 0 P A W 2 22 2 Y R 22
20(14+ 1) ( o? e) o [ tz] € 0, o [ tz]
_ —+ = t —>|dt—(=+=+ —=|dt| -
Vanb@it D) exp 542 +3 f%% exp |~ G+ ¢) f§+% exp |—
o(1+2) ox (02(1 + 1)? + 1+21 e)
V2 (22 + 1) 2¢2 [
o z? oo € o1+ z?
k [f§+¢r(1¢+/1) Zexp [— 7] dz — f§+a(1¢+,1) (5 - %) exp [— 7] dz] )
E(u/e) = 2(1+ 1) <0_2+g)¢(_g_g)_ a+a <02(1+A)2+(1+A)€>¢(_§_0(1+/1))
o1+ D P\2¢2 7 F) P\ To T G) T pa+ DP\T 292 $ R
(59)
2
Letu =%
2

du = tdt
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Limits

2
Let u==

2
du = zdz

Limits

u (€+0'(1+/1) , | @

o o )
20(1+1) o2 € o0
[\/ﬁ¢(21+1)° p(2¢2 ¢) f(EJr%)zexp(—u)du—( +¢)fe a exp[ —]dt]—]
g
o(142) a?21+)? (1+De
mwmf"p( 22 )
(1+2)
| [f(O:Jra(HA))zexp(—u)du—fg%(g—ag )e J
— a9
E(u/e) — 2141 (02 .e) ( € a') (141) (02(1+A)2 (1+A)e € a(1+/1) (60)
PAr DX 202 ¢ (-5 ) e DX 292 ) <l> P
2 2 2
o (gre)ow-(Gg) Fasimer(ars) Grpb(55)-
o(142) a?2+)? (1+De € o(1+1) 2] o(1+2) a?2(1+)? (A+DE\/ € o(1+d)
mwmf’c”( 202 7 ¢ )ex”{ (a ¢ )j V2rg(2A+1) xp( 202 7 ¢ )( o ¢ )
o(-e2)
E(u/e) = 2(1+2) g2 € € o (1+1) g2(1+1)2  (1+DeE € g(1+A) (61)
xP (-5-5) o )
A+ T \2¢2" ¢ o ¢) pA+1)" 202 1 ¢ o ¢
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2 52

‘;((g;ﬁ)dp(szz #)o(-2 ;)';((zl;ﬁ)°"p(z¢z )( +o(-5-5)- ]

1+ (2(1+A)2 (1+A)e)¢( € a(1+A)) 1+ ( 2(1+l)2,(1+it)e)( c cr(1+A))}
g

I

)

P NS—

P (22+1)" 202 @ P ¢ Tp(2A+1)° 202 @
o525
E(u/e) = P p z o2 Z p (62)
T g g e e )
[ 2en(grg)e(-g)em(irg) Grpe(—5-5)-
s e e s
o £-22)
E(u/e) = 2 63
( o e e (P o -2 )
Il: ESTIMATION OF PARAMETERS USING METHOD OF MAXIMUM LIKELIHOOD ESTIMATION
L(sample) = [TiL, f (&) (64)
N 20+d) AT ¢ 52 g2(1+1)?%  (14A)e € g(1+d)
L(sample) — M=l g2+ exp (2¢2 + </>) (l)( o </>) d(22+1) exp( 2¢2 + ) )(1) (a ) ) (65)
The log likelihood function for sample of N producers is
_ 2(1+1) _€_ o\ _ (1+2) o2(1+20)?  (1+A)e € g(1+d)
InL = In {¢(2,1+1) exp (2¢2 + )(1)( o ¢)} In {¢(2/1+1) exp( 2¢2 + ) ) b (a ¢ )} (66)
_{(o* € o)) _ [(oPa+D?* | (+A)e € a(1+d)
InL = {(2¢2 + ¢) + lnc1>( o ¢)} {( 2¢2 + @ )+ lncl)( o ¢ )} (67)
_ o= i—xif) (}’L xipB) _9\] _ o2(1+2)? (1+)(yi—xipB) (YL lﬁ) a(1+4)
InL = {(24;2 + ¢ )+l (l)( o ¢>)} {( 2¢2 + ¢ )+ lnd)( o ¢ )} (68)

The parameters 8, g, ¢, A can be estimated by differentiating the above equation partially with respect to the parameters and
equating them to zero.

xicb’( (Yi—axiﬁ) a(1+/1)> )

alnL xi x;(1+2) ®

S5 = NP s+ = (69)

B i i—xiB) ¢ a¢( (i—xiB) ll?) a(:r/n)

gink GienB) | 20% | 1, OB | aen’e? | e (- Gizxif) o)

_TL = — ﬂ L - Yi—Xj o o o @ _

a¢p ¢2 + ¢3 + ® + ¢z + ¢3 + ¢2 c])( (yl LB) 0_(1_'_1)) 0 (70)
]

ISSN: 2231-5373 http://www.ijmttjournal.org Page 62



file:///C:/Users/Mohan/Downloads/www.internationaljournalssrg.org
Deepa
Text Box
114

Deepa
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Special issue - February 2018


Deepa
Text Box
        ISSN: 2231-5373                           http://www.ijmttjournal.org                             Page 62

 

Deepa
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Special issue - ICRMIT March 2018



International Journal of Mathematics Trends and Technology (IJMTT) - Special issue - ICRMIT March 2018

4)( i-xiB) cr(1+/1))

dlnl _ o 11 (1+d%c o Gi=xif) _ A+D)) _
Py pe + p ® 2 4)( (yl Lﬁ) g(1+1)) ( o2 & ) =0 (71)
o []
) ¢r(_(yl--xzﬁ)_a(1+/1)>
L _ _ i=xiB) _ (1420 G & (_ g) -0 (72)
A ® 3 ¢(_(yz—xiﬁ)_«f(:ri)> ¢
g

1IV: MAXIMIZATION OF TECHNICAL EFFICIENCY OF A NORMAL -TRUNCATED SKEWED LAPLACE
DISTRIBUTION

The second order partial derivatives are estimated with respect to the parameters

B,a, ¢, as
(o (- lB) a(wl)) cb”( (yl-;lﬁ) o(m))[ (=x l)h
Pini o ¢'( (yl LB) a(lm) <b( (yl—axlﬂ) a(g—l))[ (le) (73)
982~ (yi—xiB)? lk [q)( (yl—x,B) a(gf/u)r J
tb( (yi—x;iB) 0‘(1+}»))¢H( (yi=xiB) a(1+/1))
o ) o [
Pins _ x|, [ - xz)] 4) (y, axlﬁ) 6(1(;-}»)) cb( (}’i‘;‘iﬁ) a($1)> )
ap? (yi-xiﬂ)z [q)( (yi-%;8) Lﬁ) a(:r/n)] |
(4)( (i—xiB) a(1+z)) <1>”( (yi—XzB) a(1+l))\
I3 ® ®
(yi=xiB) o(1+1)
e
v o(1+
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With the second order partial derivatives estimated above, if they are greater than zero then the production is said to be
maximum otherwise minimum.

TECHNICAL EFFICIENCY

The Technical Efficiency of a Normal Truncated Skewed Laplace Stochastic Production Frontier Model is given by

TE = exp[—E(u/€)] 7
G e e e |
R e e o e
k o) )

TE = exp|— a8

T el e P ) (58)
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CONCLUSION

Thus with the aim of estimating the technical efficiency of the firm
and the individual technical efficiency of a producer the Normal-
Truncated Skewed Laplace Production Frontier Model has been
derived. The technically inefficient firm can be identified and
several productive measures can be implemented to make it
technically efficient.
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